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Preface

This book is about the history and the current state of the art in cosmology —
the science about the Universe as a whole. It mostly aims to explain the
main ideas of modern cosmology: the expanding Universe, its creation in
a Big Bang, its evolution, characteristics and so on. We tried to answer
some frequently asked questions about cosmology. We also discuss the two
mysteries of the modern science, directly related to cosmology — dark
matter and dark energy.

This book is based on our earlier book “The Introduction to Modern
Cosmology” published in Russian in 2013, which was well received by
a much broader audience than we anticipated. We significantly reworked
it based on this fact and the numerous feedbacks. We tried to make this
book more suitable for a general audience by expanding the explanations
and cutting some of the more complicated material. We nearly doubled the
number of illustrations, added a whole new Section explaining the basics
of General Relativity, and updated the text to reflect the latest advances in
cosmology. The book was significantly restructured as well. We also tried
to explain all scientific terms we use. In case we failed to do so, or you
feel that our explanations are insufficient, we kindly ask you to look it up
on Wikipedia, which should provide quite enough information to proceed
with the reading.

This book is different from most popular science books. The golden
rule of writing popular science books is: each formula in the text cuts
the number of potential readers in half. Still, we took the risks and used
equations, but only where they were indispensable. We tried to reduce the
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number of formulas to the minimum and keep them simple. They should
be understandable to anyone who majored in mathematics or physics in
college. We labelled such parts “Advanced material” and they should be
treated as such. Skipping them should not impair the understanding of the
material, but there are a few references to these parts in the main text,
so we advise to at least try reading them. Each such part begins with a
brief summary. They provide a sort of a simple textbook on cosmology for
those unfamiliar with the mathematical formalism of General Relativity
who would like to understand where the laws of cosmology come from.
These “Advanced material” parts are marked with an asterisk and a picture
of a thoughtful octopus:

The rest of the book is aimed at the general audience, although some
level of prior knowledge of mathematics and physics is expected. For those
lacking even basic knowledge of astronomy we strongly recommend to read
some popular books on astronomy first. Our suggestion for the first book on
astronomy is “The Universe: From Flat Earth to Quasar” by Isaac Asimov
[1966], which is, however, somewhat outdated. Other reading suggestions
are listed in the end of the Summary.

We avoided cutting corners in explanations and tried justifying various
assumptions or estimations made in cosmology. We did not hide problems
faced by modern cosmology as well as issues the community has no
consensus about. We did not try to pass hypotheses for established theories,
which is not uncommon in scholarly articles. In some sense, this book stands
between a popular science book and a textbook, acting as a sort of a bridge
across the great chasm, separating popular science from true science.

We would like to thank many people who assisted us in preparation
of this book. Special thanks go to Igor Zhuk and Gayane Terzyan who
prepared most of the original artwork, and to Natalia Atamas who provided
a lot of valuable advices on improving the book’s structure.

Serge Parnovsky
Aleksei Parnowski
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Chapter 1

The Laws of the Universe

1.1 Roots of Cosmology

This book is about cosmology — a science about the structure and evolution
of the Universe in its entirety, its past and its future. Cosmology is a very
young science; it just celebrated its centennial. Its creation is associated
with the publication of Albert Einstein’s 1917 paper “Cosmological
Considerations on the General Theory of Relativity” [Einstein et al., 1952].
It was for the first time when physical laws were applied to the whole
Universe. Specifically, this article applied the equations of the General
Theory of Relativity, formulated by Einstein shortly before.

Technically, nothing prevented this science to appear some 250 years
earlier, right after the discovery of the Law of Universal Gravitation by Sir
Isaac Newton. The physicists of 17th–19th centuries speculated about an
infinite Universe filled with stars with planetary systems. Such a Universe
existed eternally, and all it took to predict its future state was the knowledge
of the laws of mechanics and the current position of all objects. However,
the gravitational force in Newtonian mechanics has one peculiarity: it is
always the attracting force that never becomes a repulsion force. Therefore,
individual stars in an infinite Universe were bound to gather at some
point due to attraction. This problem was evaded using a simple, but
incorrect, idea. Since the Universe is infinite, each particle is attracted to
an infinite number of other particles. If particles fill the Universe with
constant density, the resulting force would become zero and the gravitation
can be neglected when considering the dynamics of the Universe as a
whole.

1
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This idea is as productive as an attempt to set a pencil standing on its
tip. The reason for failure in both cases is the instability of the equilibrium.
If we somehow managed to make a pencil stand on its tip, any deviation from
this position will induce a momentum in the same direction, magnifying
the initial deviation and ultimately ruining the equilibrium. In engineering
this effect is known as positive feedback.

A closer analogy is an upturned glass of water. Many of you know a
classical demonstration when a glass of water covered with a firm sheet
is turned upside down and the sheet is held in place by the atmospheric
pressure force, which is equivalent to the weight of 10.3 metres of water.
But few ponder why the sheet is needed for that demonstration. The answer
is Rayleigh–Taylor instability: when a denser liquid (water) is put on top of
a rarer liquid (aira), any deviation from a flat boundary will grow over time
exponentially, ruining the boundary very quickly. This is popularly known
as spilling of liquid. This is why a firm sheet is needed: it does not apply
any forces, but prevents the Rayleigh–Taylor instability from developing.

Note that the mutual attraction of the stars that fill the infinite Universe
not only leads to an increase of its density irregularities, but also to
the accelerated contraction of the whole Universe, that is, to decreasing
distances between the stars.

Naturally, it was known by that time that deviations from a homoge-
neous distribution of matter density led to their growth, but this mechanism
was then considered only on the spatial scale of the Solar System.According
to Laplace hypothesis, the planets in the Solar System were formed from
a primordial nebula made of gas and dust due to mutual gravitational
attraction. Such a treatment was not extended to larger scales. In the big
picture of that time, the growth of matter density inhomogeneities led
to the formation of planets which did not fall on the Sun only because
they orbited it. On scales larger than distances between nearest stars,
the Universe was considered as something homogeneous and a belief
was held that the attraction force of any body to different stars is fully
compensated.

The only problem which marred this glorious picture was the so-called
Olbers paradox, formulated in 1823 by a German amateur astronomer

aIn hydrodynamics gases are often called liquids as well.
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Heinrich Olbers, a medic by trade. Its point was that in an infinite static
Universe instead of a night sky we would see a burning sphere as bright as
the Sun. It can be explained in the following way. Let us divide the Universe
into geocentric nested spherical layers with constant thickness. The number
of stars in each layer will grow as a square of distance, and the flux from
each single star will decrease as a square of distance. Thus, the flux from
each layer will be the same. Since the number of layers if infinite, the total
flux will be also infinite.

However, if we take into account that stars can cover each other, we
obtain that the luminosity will be finite, because no matter which direction
we look at, our line of sight will inevitably reach some star. Although,
anyone who looked up in the sky at night knows that it looks quite different.
A simple way to resolve the Olbers paradox was to write it off for the
absorption of light by interstellar dust. However, this solution sounds
credible only for those who studied physics poorly, as after long enough
exposure this dust would be heated to the temperature of surrounding stars
and become luminous.

The progress in astronomy led to a new model of the Universe proposed
by William Herschel in the end of 18th century. In this model the stars
did not fill the whole Universe, but formed a single lens-shaped cluster
called Galaxy. Why did they not fall on the centre of the Galaxy? The
answer was the same as to why the planets did not fall on the Sun — they
orbited it. Likewise, individual stars in the Galaxy orbited its centre. In 1783
Herschel discovered Sun’s movement around the centre of the Galaxy. This
model with minor corrections was generally accepted till the beginning of
the 20th century. The idea of the Galaxy solved the Olbers paradox, since
the matter now filled a finite volume in the Universe. Nevertheless, the
discovery of other galaxies revived the Olbers paradox.

So, cosmology, which could potentially emerge in late 17th century,
appeared only in the beginning of the 20th century. Usually new sciences are
created in the simplest formulation and then evolve towards more complex
models and calculations and use modern physical theories. For example,
condensed matter physics relied on classical mechanics for centuries and
successfully switched to quantum mechanics much later.

The cosmology is curious because it was created in its most complex
form — relativistic cosmology. Only several decades later cosmologists
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reached a surprising conclusion that they could consider a much simpler
non-relativistic cosmology. This is possible because a uniform Universe
evolves identically in every point of space, and to study it in its entirety
it is sufficient to consider a small volume, e.g. 1 cm3. And when studying
1 cm3 one can ignore space-time curvature and other complicated problems
of General Relativity. But this is true only in the case of a homogeneous
and isotropic Universe. In such a world there are no chosen places and
preferred directions, every point is not better or worse than any other, and
each direction is not better or worse than any other; this is known as the
Copernicus principle.

Not every result of relativistic cosmology can be obtained in this way,
but the main ones can be obtained quite easily. To derive, understand, and
analyze these results it is sufficient to know physics at college level. For
this reason, when we simply can not resist the urge to write some formulae
in this book, we shall limit ourselves to non-relativistic cosmology.

We marked the parts containing mathematics “Advanced material”.
They can be skipped without much loss to the understanding.

Question: What is the principal difference between cosmology and other
areas of physics?

Answer: Cosmology studies a unique object, only one copy of which
exists, which is changing in time, and containing us as a part. Thus, we can
achieve neither repeatability nor reproducibility, and we can forget about
active experiments. As a result, it is very difficult to check cosmological
theories for falsifiability, which is required of any scientific theory.
A similar situation is encountered in some other scientific disciplines,
such as history and evolutionary biology.

1.2 Principles of General Relativity

The emergence of cosmology as a science was preceded by the creation of
the General Theory of Relativity (GTR), finally formulated by Einstein in
1916. This theory is one of the pinnacles of modern physics. Since its ideas
and terminology are widely used in cosmology, we decided to describe the
basics of GTR, which are simple enough to understand and can be explained
without the use of its very sophisticated mathematical formalism. We start
with the three classical GTR effects.
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1.2.1 Perihelion precession

The first effect was discovered by the astronomers long before the
emergence of General Relativity. It is the perihelionb precessionc of
Mercury, which is manifested as the rotation of Mercury’s orbit as a
whole around the Sun with very small angular velocity — less than
6 arcseconds per year. This was not the first deviation from the laws of
celestial mechanics since their discovery by Johann Kepler. Earlier in the
middle of 19th century a similar behaviour of Uranus’orbit was successfully
explained by interference from a then-unknown planet, later called Neptune.
One of Neptune’s predictors, Urbain Le Verrier, carried over the same
approach to Mercury’s orbit, assuming the existence of a new planetVulcan,
which should have been located very close to the Sun and was hidden by his
light. This hypothetical planet’s transits over solar disk were reported by
both professional and amateur astronomers for a few decades afterwards,
but these were later dismissed with the improvement of telescopes. Now
we know for certain that Vulcan does not exist, and this was almost certain
100 years ago. Thus, perturbations of Mercury’s orbit should have been
explained in a different way.

General Relativity not only explained the perihelion precession of
Mercury but also provided an accurate quantitative agreement with the
observed precession rate. With further improvement of the observational
accuracy, a similar perihelion precession of Venus was discovered, which,
together with other effects described below, heavily supported GTR. As a
result, the International Astronomical Union (IAU) — the supreme world
authority on astronomy — issued a resolution on the mandatory inclusion of
the General Relativity effects in precise orbit calculation of celestial bodies
in the Solar System. An even more impressive manifestation of this effect
is displayed in binary systems with pulsars,d where two massive bodies

bPerihelion is the point of the heliocentric orbit (orbit around the Sun), closest to the Sun.
cPerihelion precession is a rather slow rotation of the heliocentric orbit in the orbital
plane.
dA pulsar is a highly magnetized, rotating neutron star that emits a beam of electromagnetic
radiation. This radiation can be observed only when the beam is pointing towards Earth and
thus is registered as a series of pulses.
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rotate at a small distance with a period of a few days. GTR describes their
motion up to 0.01 per cent accuracy. The discovery of such systems brought
a 1993 Nobel Prize in Physics to Russell Alan Hulse and Joseph Hooton
Taylor, Jr.

1.2.2 Deviation of light

The second effect is the bending of light rays in the gravitational field of
massive objects. The bending itself was not a humbling sensation at the time
and could be explained within the framework of the Newtonian mechanics.
But the General Relativity predicted the angle of deviation to be twice as
large compared to the Newtonian prediction. The nature of this coefficient
will be discussed slightly later, in Subsection 1.3.2.

At that time the effect was purely hypothetical but this discrepancy
prompted astronomers to measure its value. To do so, it was necessary
to measure the position of a star, whose light travelled near the Sun and
deviated in his gravitational field, changing the star’s apparent position.
With modern accuracy using a very-long base radio interferometer (VLBI)
this effect can be measured even in the perpendicular direction to the Sun,
but in the beginning of the 20th century, it could be measured only in a very
small area around the Sun.

This was done by the expedition of Sir Arthur Eddington which
measured star positions during the total solar eclipse of 1919. The
total solar eclipse was required because at that time astronomers could
perform observations only in visible light and the sunshine would make
it impossible to observe stars. Eddington and his collaborators performed
observations from Brazil and from the west coast of Africa. Comparing
the photographs of the sky near the eclipsed Sun and of the same area far
from the Sun, they measured the deviation angle, which appeared to be in
favour of Einstein’s prediction. These observations were plagued by poor
accuracy, which was substantially improved only with the invention of radio
telescopes.

This effect is the basis for the so-called gravitational lensing, which
produces several images of the same object. It is actively studied today and
even used as an exotic tool for observing extremely distant objects. We
discuss this in Subsection 4.2.7.
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1.2.3 Gravitational redshift

The third effect is called gravitational redshifte and describes the difference
in the rate of time at different gravity potentials.f Simply speaking, time
runs faster on the top floor of the building than in the basement. A source
transmits, say, 1000 signals per second. They propagate to the receiver, but
for the receiver a second has a different duration, so during that second it
receives not 1000, but, e.g. 999 signals. In other words, the frequency at
the receiver is shifted with respect to the frequency of the source.

Astronomers observed gravitational redshift in white dwarf stars, in
particular, in Sirius B, which packs roughly the mass of the Sun in roughly
the Earth’s volume. As a result, the gravitational potential at its surface far
surpasses the top values available in the Solar System.

This effect was also demonstrated in laboratory conditions by Robert
Pound and Glen Rebka in 1959. They built their experiment around a
fundamental idea of quantum mechanics that for an atom to be excited
from the ground stateg it should absorb a photon with exactly the same
energy or wavelength an excited atom emits when transiting to a ground
state. If something (in our case, gravitational redshift) changes the energy
or wavelength of the photon while it travels from one atom to another even
the smallest bit, it will not get absorbed. However, it can still be absorbed
if the receiving atom moves so that the change in the wavelength due to
Doppler effecth compensates for the change in the wavelength due to the
gravitational redshift.

Pound and Rebka put one iron plate in the basement, and attached
another one to a loudspeaker cone on the roof and measured the phase of

eRedshift means an increase of wavelength. The opposite effect is called blueshift. The
names come from the fact that red light has longer waves than blue light, although both
terms are applied to any frequency band of electromagnetic radiation, not necessarily visible
light.
fA gravitational potential is a potential energy per mass unit in a gravitational field.
gGround state is a state of an atom with minimum energy. Any state other than the ground
one is called excited.
hDoppler effect is a shift of frequency of periodic signals caused by the movement of either
the source or the recipient or both and the finiteness of the signal propagation velocity.
Contrary to a popular belief, it applies not only to waves but to any periodic signals. When
the source and the recipient move towards each other, the frequency is increased, and when
they move away from each other, it is decreased.
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the speaker at which the gamma-ray flux produced by excited iron atoms
in the basement was mostly absorbed. This gave them the change in the
photon energy due to the difference in gravitational potential on the roof
and in the basement. Their results supported the GTR predictions within
10 per cent error margin.

Further support to this effect was given by the Gravity Probe A
experiment in 1976, which was a rocket carrying a hydrogen maser used
as an extremely stable frequency generator. An identical maser rested on
the ground. This experiment confirmed the gravitational redshift within a
0.01 per cent error margin. Today gravitational redshift is routinely taken
into account when precise time measurements are required, for example
in the GPS and other navigation satellites. It is also taken into account by
astronomers in the Terrestrial Time, the Geocentric Coordinate Time and
the Barycentric Coordinate Time introduced by the IAU in 1991, which
represent proper time at sea level, at the centre of the Earth, and at the
barycentrei of the Solar System respectively.

1.2.4 Other effects and tests

The Gravity Probe A experiment also confirmed another important General
Relativity effect: the equivalence principle, which states that the object
behaves the same regardless of whether it is uniformly accelerating or
placed in a uniform gravitational field.

Since then, all the predictions of General Relativity were experi-
mentally confirmed. One of the most widely known predictions was the
existence of black holes (see Section 6.1) — massive compact objects,
from which nothing can escape including light. While they were indirectly
observed (e.g. by tracing proper motions of nearby stars) for quite some
time, the first direct observation of a visible outburst coming from a so-
called accretion discj surrounding a black hole was performed in June 2015
[Kimura et al., 2016].

iA barycentre is a common centre of mass of a gravitationally bound system.
jAn accretion disc is an area around a star, a black hole, or another massive object, filled with
orbiting falling matter. Due to gravitation this matter heats up and emits radiation. Accretion
discs of black holes radiate X-rays.
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The latest confirmed prediction was the discovery of gravitational
waves by the Advanced LIGO detector in September 2015 [Abbot et al.,
2016a], later confirmed in December 2015 [Abbot et al., 2016b]. For this
discovery, Kip Thorne, Rainer Weiss, and Barry Barish were awarded the
2017 Nobel Prize in Physics. Naturally, experimental tests of the GTR
continue with higher and higher precision.

Let us tell about other principles of General Relativity as well.

1.2.5 Chosen frame

The Newtonian mechanics is built around the idea of the inertial frame.
The first Newton’s law holds true only in such frames. Inertial frame is
tied to a body, which is not affected by the rest of the Universe. Is this
even possible? Any body can be affected by mechanical forces, such as
a tension force from an attached string,k and by four fundamental forces:
electromagnetic, weak,l strong,m and gravitational. Electromagnetic, weak,
and strong forces act only on some of the particles, which have non-zero
charges of respective type. The gravitational force, on the other hand, is
universal; it acts upon each and every body in the Universe. Even massless
particles such as photons are affected by gravitational attraction. Therefore,
it is not clear how it is possible to provide an inertial reference system where
a gravitational field is present.

General Relativity also has chosen frames, but, in contrast to Newtonian
mechanics, these frames must be unaffected by all forces except gravita-
tional ones. In such frames all physical laws hold true, including the laws
of Special Relativity. To accelerate in such a frame, a body must be affected
by an external force other than gravity. In other words, these are the frames,
where an observer falls freely. We shall refer to them as relativistic frames.
Let us illustrate this by two simple examples.

kStrictly speaking, such forces are a complex combination of electromagnetic and strong
forces. However, explaining this would take us into the depths of quantum mechanics, so
we kindly ask readers to take it as a given.
lWeak interaction is one of four fundamental interactions (besides electromagnetic,
gravitational, and strong), which works at subatomic scales and is responsible for e.g.

radioactive decay. Currently it is considered together with the electromagnetic interaction
as a part of a more general electroweak interaction.
mStrong interaction is responsible for keeping atomic nuclei together. It acts upon composite
subatomic particles called hadrons. It works on very short scales about 10−15 m.
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A person sleeps in his or her bed. To be extremely specific, the bed
is static with respect to the ground, i.e. its geographical coordinates are
constant. From the Newtonian perspective, this person can be considered
to be at rest in an approximately inertial frame. It is not truly inertial because
this person rotates (together with the bed) around the centre of the Earth,
around the Sun (together with the Earth), around the centre of the MilkyWay
(together with the Solar System), falls towards the Virgo cluster (together
with the Milky Way galaxy), towards the Great Attractor (together with the
Virgo cluster) and so on.n But let us not be too picky and call this system
inertial. The person is acted upon by two main forces (and a multitude
of minor ones): the Earth’s gravitational attraction (popularly known as
weight) and the pressure from the bed caused by elastic forces. These forces
compensate each other, causing the person to stay at rest.

Let us consider the same situation from the point of view of General
Relativity. In this case the chosen frame is quite different: it is a frame of a
free-falling observer. A person sleeping in a bed is prevented from staying
at rest in this frame by the pressure from the bed.

A second case is an astronaut orbiting the Earth. From the Newtonian
point of view, his frame is not chosen in any way because he or she is acted
upon by the gravity and follows a curved path. This can be described in two
ways. In the Earth frame the gravitational force acts as a centripetal force,
causing his trajectory to bend. In the spacecraft (non-inertial) frame the
gravitational force is compensated by a so-called centrifugal force, which
makes the astronaut to feel zero gravity.

This situation is much simpler in the framework of the General
Relativity. The astronaut is acted upon only by the gravitational force, and
thus rests in a chosen frame. This is due to the fact that an orbiting spacecraft
falls freely towards the Earth, but constantly misses it due to the tangentialo

velocity. This is the primary principle which makes spaceflight possible.
For this reason, the astronaut experiences weightlessness. However, if he or
she is affected by some non-gravitational force (shoved with a stick, pulled

nSadly, it is quite difficult to find oneself some genuine rest nowadays.
oTangential direction is the direction in the rotation plane perpendicular to the radius. When
applied to orbital motion, it is either the direction of flight (prograde) or the opposite one
(retrograde).
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Figure 1.1. Forces acting upon a body resting at the Earth surface in the Newtonian (a) and
relativistic (b) frames. Here N is the floor reaction force (a.k.a. pressure force) and W is the
gravitational force (a.k.a. weight).

Figure 1.2. Forces acting upon an orbiting spacecraft in the Newtonian (a) and relativis-
tic (b) frames. Here W is the gravitational force and Fcf is the centrifugal force.

by a string, given a strong enough magnet etc.), this astronaut would move
according to the second Newton’s law.

We illustrate the forces involved in both cases in Figures 1.1 and 1.2.

1.2.6 Gravity, inertia, and tidal forces

It is easy to live in a world with uniform gravity. It can be effortlessly
faked with acceleration, for example in a rocket or even in an elevator.
No experiments inside a closed rocket or elevator can distinguish between
gravity and inertia. However, this happens only in fiction books by Terry
Pratchett and the like, but not in real life. In real world, the gravitational
field can be considered uniform only on very small scales, such as your
house. The problem is that at larger scales the Earth’s gravity field is much
more similar to that of a point mass than a uniform field.

This is expressed in two effects: the reduction of the free fall acceler-
ation with altitude, and the difference in the directions of the gravitational
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force in two different points on the surface. For example, in two antipodal
points on the surface, say, in the UK and in Australia, the directions of the
gravitational forces are nearly opposite. At smaller distances, like between
China and Japan, the gravitational forces are directed at much smaller but
considerable angle with respect to each other. The second effect could be
faked with the help of an inflating sphere, but it would be nearly impossible
to simulate different free fall accelerations near the floor and the ceiling.

In General Relativity the term gravity is understood not as the attraction
towards some massive body (this is provided by the chosen frame’s
motion), but as small differences in the direction and the magnitude of
the gravitational field at different nearby locations called tidal forces. The
name originates from the long-known fact that these forces cause oceanic
tides on the Earth.

To explain this let us consider a free-falling elevator — an example
coined up by Einstein himself due to unavailability of rockets at that time —
with seven almost weightless balls, which are initially immobile relative to
the elevator and to each other. One of the balls is placed at the centre of mass,
another one — near the ceiling right above the first one, the third one —
near the floor right beneath them, and other four — near the walls at the
height of the first one, as shown in Figure 1.3. We assume that the elevator’s

Figure 1.3. Forces acting on balls in a free falling elevator in the Newtonian (a) and
relativistic (b) frames. The scale is largely exaggerated.
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walls have negligible weight and their only functions are to protect the balls
from the ram air and to maintain the rigidity of the construction.

Each of the balls falls freely together with the elevator, but due to the
difference in initial positions their movement will be slightly different. This
is clearly seen in the reference frame tied to the elevator. In this frame ball 1
is static; ball 2, which is always located in the area with slightly smaller
free fall acceleration, drifts upwards; similarly, ball 3 drifts downwards;
and balls 4 to 7 have a small component of the gravitational force directed
towards the centre,p and drift towards ball 1. Note that the scale of the tidal
forces in Figure 1.3 is largely exaggerated.

If we now add mutual gravitational attraction between the balls in the
elevator, we get a model of tidal forces on the Earth. Actually, tides on the
Earth are caused by the Moon and by the Sun, but for clarity we consider
only lunar tides. Thus, the tide will be high in the vertical direction and low
in the horizontal direction.

Tidal force can be quite strong and plays an important role in astronomy.
For example, in 1992 a Shoemaker–Levy 9 comet was torn apart by tidal
forces in Jupiter’s gravity field. Another example is Magellanic Clouds —
two satellites of our Milky Way galaxy, which are deformed by its tidal
forces. Especially strong tidal forces are encountered in the vicinity of
compact objects, such as neutron stars and black holes (see Section 6.1).

From Newtonian point of view, the falling elevator is a non-inertial
reference frame with uniform field of inertial forces precisely compensating
the gravitational force at the centre of mass. At all other locations, however,
this balance is broken, and thus the field of tidal forces is created, see
Figure 1.3. These forces replace gravity in an orbiting spacecraftq; for this
reason, space scientists and engineers use the term microgravity instead of
weightlessness.

1.2.7 Lunar tides

To explain lunar tides on the Earth within Newtonian framework, first we
consider the gravitational field of the static Moon. Considering her a point
mass, her gravitational field lines, i.e. directions of the free-fall acceleration,

pFor the same reason a plummet hung near the wall would be slightly inclined compared to
the plummet hung at the centre.
qIn a real spacecraft there are many other much stronger forces.
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Figure 1.4. Lunar tides on the Earth in the Newtonian (a) and relativistic (b) frames.

are radial. Thus, the total gravitational force acting on any particle on the
Earth is a sum of an attraction towards the rest of the Earth and towards
the Moon (we do not consider other celestial bodies to avoid confusion).
To switch to the terrestrial frame, we should subtract the gravitational
acceleration of the Earth’s centre of mass from the accelerations acting
on each point, see Figure 1.4. As a result, we get a familiar picture from
the relativistic case: high tides in the direction towards and from the Moon,
and low tides in perpendicular directions.

Thus, from the Newtonian point view, tidal force is simply a difference
in free-fall accelerations between an arbitrary point and some reference
point, e.g. the centre of the Earth. From the relativistic point of view, the
tidal force is what distinguishes gravity from inertia in, for example, an
accelerating rocket. By switching to a free-falling frame, you negate gravity
at only one point, usually at centre of mass, but at any other point there is
a non-zero remainder — the tidal force. In General Relativity tidal force is
a manifestation of space-time curvature.

1.2.8 Space, time, and space-time

What does space-time mean? Let us begin with space. Our space is three-
dimensional. This means that we can move forward or backward, sideward
towards each side, upward or downward, i.e. change our location in three
spatial coordinates. Every physical process takes place in these three
coordinates and in time. In General Relativity, time is considered the fourth
coordinate in addition to the three spatial ones. Together they form the
four-dimensional space-time. However, time has one important difference
compared to space: we can deliberately choose how to move in space, but



December 1, 2017 15:28 How the Universe Works - 9in x 6in b2908-ch01 page 15

The Laws of the Universe 15

we cannot affect our motion in time. We always move in time from the
past to the future and at a rate beyond our control, unless we move with
the speed close to the speed of light. If we move this fast, we can make
things more complicated, but still have to move along the time axis towards
the future. For this reason, even when we combine spatial and temporal
dimensions into space-time, we do not make them equal and still treat time
in a special way.

What good is the concept of space-time? When we consider the
trajectory of a body in space, it gives us no idea on the velocity, acceleration
and other kinematical properties of its motion, except for the fact that
the body was present at each point of the trajectory. When we switch
to the space-time, the trajectory of a body tells us not only about its
location, but also when the body was at each location and for how long.
This gives us a complete description of its kinematics throughout the
considered time frame. Such trajectory in space-time is called a world line of
a body.

Any world line has one fundamental limitation: it can not exhibit
velocities greater than the speed of light. According to Special Relativity,
only massless particles can (and must) travel at speed of light. As of today,
only two such particles are known: photon and gluon, which are gauge
bosonsr of electromagnetic and strong forces, respectively. Of the two,
only photons were directly observed, because gluons are confined within
hadronss and never exist in free form. Some theoreticians speculate that a
class of particles called tachyons could exist, which always move faster than
the speed of light; however all attempts to detect them were unsuccessful.

To illustrate space-time, cosmologists use a concept of a light cone. It
shows world lines of photons either emitted from or observed in a given

rA gauge boson is a bosonic elementary particle, which acts as a carrier of any of the
fundamental forces. A boson is an elementary particle with angular momentum equal to an
integer number of reduced Planck’s constants. Any number of such particles can be in the
same quantum state at the same time. The only other possible situation is when a particle’s
angular momentum is equal to a half-integer number of reduced Planck’s constants, i.e.
1/2, 3/2, and so on. Such particles are called fermions and no more than one such particle
can have any particular quantum state at any time.
sA hadron is a massive composite elementary particle participating in strong interaction.
Hadrons include baryons and mesons, see footnotes on p. 97.
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Figure 1.5. A light cone in Minkowski (flat) space-time.

point at a given time. These two distinct cases are called, respectively,
future and past light cones. To keep this plot two-dimensional, two spatial
dimensions are usually discarded, making it look like the one shown in
Figure 1.5, which addresses the simplest case of a flat space-time, called
the Minkowski space-time, which has no gravity at all, space is not curved,
and Special Relativity laws can be used. The absence of gravity also makes
any reference frame, which moves without acceleration, both inertial and
chosen from the relativistic point of view (frame of free falling observer).
The region within the future light cone is called absolute future, the region
within the past light cone is called absolute past, and the region on the
outside of the light cones is called external region.

For any given point in absolute future it is possible to find such an
inertial reference frame, in which this point is located at the same place as
the origin, but occurs later. A similar transformation is possible for a point
in absolute past, but with the opposite sequence of events. It is then said
that the interval — a four-dimensional analogy of distance — between the
observer and either of these points is timelike. For any given point in the
external region, i.e. outside the light cone, it is possible to find such an
inertial reference frame, in which both events happen at the same time but
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at different locations. Such interval is called spacelike. Finally, if a point is
precisely on the edge of the light cone, neither transformation is possible,
but there is a photon, which visits both points consequently, and the interval
is called lightlike.

The concept of a light cone is directly related to the causality principle,
which plays a pivotal role in physics. The idea of the causality principle
is that any event can influence the events in the future, but not in the past.
Special Relativity adds to that that information can not propagate faster
than light in vacuum. Combining these two ideas, we get a very important
interpretation of the light cone: an event can influence only events upwards
inside the cone, i.e. its absolute future, and can be influenced by events
downwards inside the cone, i.e. in its absolute past. The events outside of
the cone are totally independent of the event in its origin, although they
could be caused by the same reason. This also means that the body’s world
line is confined within all light cones originating from its every point.

An important thing to remember is that the speed of light in vacuum
is always the same regardless of the motion of its source and observer. For
this reason, the light cone does not depend on the velocity of the body.

1.2.9 Curved space-time

The more experienced of the readers must be expecting some sort of catch
with all this space-time business at this point, as it sounded way too simple
so far. Guess what — their doubts are right. For this space-time appears to
be curved in all cases but the simplest case of Minkowski flat space-time.
This brings up the difficulty of analyzing the dynamics of space-time and
its contents in a fairly complicated gravitational field — sometimes referred
to as geometrodynamics — quite a bit. The local shape of the space-time is
defined by the so-called metric, which binds the interval between two very
close points with their four-dimensional coordinates. All properties of the
space-time can be recovered from its metric alone.

All space-times we deal with in this book are described by
their metrics and all these metrics are named after their discoverers.
They include Minkowski metric (flat space time), Friedmann–Lemaître–
Robertson–Walker metric (expanding Universe filled with dust-like matter,
Section 2.4), de Sitter metric (very rapidly expanding Universe without
matter but with cosmological constant, Section A.1), and Schwarzschild,
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Reissner–Nordström, Kerr, and Kerr–Newman metrics (different kinds of
black holes, Section 6.1), whose formal description, however, exceeds the
scope of this book.

The light cone in curved space-time could be much more complex
than in flat space-time. For example, gravitational lensing produces several
images of the same object. This means that the photons emitted by this
object travel to us along different trajectories (also taking different time
to arrive). And for exotic objects such as black holes the situation is even
weirder. That’s why light cones are often plotted in complicated cases to
illustrate geometrical properties of the space-time.

Curved space-time can be easily understood if we drop out one of the
spatial dimensions. Then the space-time can be visualised as an elastic
film with different objects lying on top of it. These objects will deform the
film making it curved and affecting the movement of other objects. The
change in the height of this film represents gravitational potential, the pitch
of its surface represents free-fall acceleration, and its local curvature is
connected with tidal force. This very appropriate analogy was invented by
Einstein. There are quite a lot of videos on the Internet demonstrating this
analogy.

Summarizing this section, General Relativity does not only provide a
quantitative correction to Newtonian physics; it also predicts some totally
new effects and objects, such as gravitational waves or black holes.

Question: Why are tides caused by the small Moon are stronger than tides
caused by the massive Sun?

Answer: A formula for tidal force can be found in textbooks; it states
that they fall off as the distance cubed. However, instead of using this
formula directly, we demonstrate how this dependence on distance can be
obtained using a simple analogy.

Consider two point unit masses: one in the centre of the Earth and
another on the Earth’s surface. By definition, the tidal force at the second
point is the difference of the forces acting on these points. It can depend
only on three parameters: on the distance between these points, on the
distance to the Moon, and on the angle between the direction to the Moon
and the line between these points.

By an electrostatic analogy, let us replace these points with unit charges,
and the Moon — with an external point-like charge, whose value is chosen
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so that the forces acting on the points are identical to the gravitational
case.t Let us invert the sign of the central charge (this is why we needed
to switch to electric field, since there is no such thing as a negative
mass). Now, it is affected by the force of the same strength but opposite
in direction. The tidal force, which equals the difference of the forces
acting on these points, is then equal to the sum of the forces acting on
the second point and the first point with inverse sign. These two points
have opposite unit charges and can be treated as a dipole. Due to the third
Newton’s law, the force exerted upon this dipole by the Moon equals the
force exerted upon the Moon by the dipole. The dipole field falls off as
an inverse cube of the distance, and so does the tidal force. Switching
back to gravity, we finally obtain that tidal forces fall off as the third
power of the distance and are directly proportional to the mass of the
gravitating body.

Now let us do some simple math. The Sun weighs 2.0 · 1030 kg and is
located 1.5 · 108 km away. The Moon weighs 7.3 · 1022 kg and is located
3.8 · 105 km away. Thus, the Sun is 2.7 · 107 times heavier and 395 times
farther than the Moon. If we take the distance ratio to the third power, we
get 6.2 · 107, which is 2.2 times larger than the mass ratio. Thus, lunar
tides are 2.2 times stronger than solar tides.

However, if we are interested in the Newtonian gravitational force, we
should take the ratio of distances squared, which is 176 times smaller than
the mass ratio, and the Sun wins this fight easily. If we are interested in the
gravitational potential, which is inversely proportional to the distance, a
far stronger contribution will be made by the Virgo cluster, located some
54 million light-years away.

1.3 How Much Does Light Weigh?

General Relativity provided a mathematical formalism for cosmology.
However, in cosmological problems one should take into account the
properties of the medium, which fills the Universe. Since Einstein’s
lifetime our notions of the contents of the Universe essentially changed.
100 years ago physicists knew only about ordinary matter, which makes
up stars, planets and other familiar objects, such as our bodies, and about
electromagnetic radiation. Today ordinary matter is called baryonic matter,

tThis is possible because both forces fall off as the distance squared.
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and is believed to account for about 5 per cent of the contents of the Universe,
and the electromagnetic radiation accounts for much less than 1 per cent.

The other 95 per cent are comprised of two or three additional types of
matter. The two types, which are genuinely new, are dark matter and dark
energy, which we discuss in Chapters 4 and 5 respectively. The third one,
which is only arguably a new type of matter, is the neutrinos.u These types
of matter differ with respect to each other in their equations of state, which
is the relation between their mass density ρ and pressure p. Mass density
is connected with the energy density ε through a simple relation ε = ρc2,
which is obtained by applying the well-known relation E = mc2 to a unit
volume.Although the equation of state can have any form, we consider only
the simplest possible form p = wε = wρc2, where w is a dimensionless
constant.

Note that the energy density includes the rest energy, which is very
high due to the c2 factor. How high actually? Let us reformulate this
question: if we considered ordinary air, and would like to make w = 1, what
pressure should it have? At standard conditions air has the mass density of
1.23 kg/m3. Multiplied by the speed of light squared this translates into
the energy density about 1017 J/m3, which corresponds to the pressure of
1017 Pa. So, we would have to compress the air to 1012 atmospheresv to
make its equation of state w = 1. Such pressure is encountered within the
Solar System only at the centre of the Sun, but the mass density there is also
much higher: about 1.6 · 105 kg/m3. Thus, we can safely assume w = 0 for
all baryonic matter. This kind of matter is called cold matter or dust-like
matter in cosmology.

From the point of view of General Relativity, the equation of state of
matter defines how it is involved in the gravitational interaction. This is
different from Newton’s gravitation, where the pressure does not affect the
force of the gravitational interaction. Let us determine how different types
of matter interact gravitationally.

uA neutrino is a very light elementary particle, which participates only in gravitational and
weak interactions. There are three known flavours of neutrinos: electron neutrino (νe), muon
neutrino (νμ), and tau neutrino (ντ), each having a corresponding antineutrino.
vThis value is highly underestimated because compressed air has higher density as well.
The equation of state w = 1 will be achieved when air pressure increases 1012 more times
than its density. This is impossible to achieve in gaseous state.
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1.3.1 Baryonic matter

For the baryonic matter, this was done in late 18th century by Henry
Cavendish. The results of his experiment were published in 1798 in
Philosophical Transactions of the Royal Society of London, the top
scientific journal of that time, and are considered a major milestone in
physics. The goal of the experiment was to determine the mean density of
the Earth, which directly translates into an estimation of the gravitational
constant. Cavendish measured the force of the gravitational interaction
between two pairs of lead balls, with changeable masses of the balls and
adjustable distance between them. His experimental setup was built around
a novel contraption of that time — the torsion scales. The same idea was
used a few years later by Charles-Augustin de Coulomb to measure the
force of electromagnetic interaction. However, Cavendish faced a much
tougher challenge due to the much weaker force of the gravitational
interaction. He managed to measure forces as small as 10−7 N, which was an
unparalleled feat at that time. His estimation of the gravitational constant
differs from the modern one by some mere 1 per cent and its accuracy
was improved only a century later. He also experimentally confirmed the
Newton’s Gravitation Law.

But this confirmation works only for ordinary baryonic matter in an
environment familiar to us, i.e. when the gravitational fields are weak and
the velocities are much less than the speed of light in vacuum. Physicists
have studied the GTR laws and calculated the amount of force of the
gravitational interaction in the case of a weak gravitational field (the gravity
field at the Sun’s surface is still considered weak). It slightly differs from
Newton’s Gravitation law. The difference is that we should replace body
mass m with an expression m + 3pV /c2, or, in other words, introduce an
additional factor of 1 + 3w for each of the gravitating bodies. This well-
known replacement is obtained as the Newtonian limit of General Relativity.

The real Cavendish experiment used lead balls (which, as we already
learned, have w = 0) as attracting masses, but there is no reason why
we cannot run a similar imaginary experiment with other types of matter.
First, let us replace one of the balls with a vessel filled with air at standard
conditions. The vessel is weightless and used only to confine the gas. Thus
we get an attraction force, which is stronger by approximately three parts
in 1012, compared to the lead ball of equal mass due to non-zero — yet very
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small — value of w. If we used some matter from the solar core instead
(please don’t try this at home), we would get an increase in attraction by
approximately seven parts in a million.

1.3.2 Radiation

The greatest increase in attraction is achieved with a bottle of light or other
electromagnetic radiation, which has w = 1/3, the highest possible value
of w. The idea of radiation pressure was introduced by Johannes Kepler back
in 1619. The relation between energy density and pressure was determined
by James Clerk Maxwell in 1862 and confirmed by Pyotr Lebedev’s
1899 experiment on measuring light pressure, thus presenting the final
experimental proof of Maxwell equations. Its attraction force would be
twice as strong as for baryonic matter: 1 + 3 · 1/3 = 2 — that’s where a
factor of 2 comes from in the formula for the deviation of light.

1.3.3 Dark energy and antigravity

Who said pressure must be positive? By definition, pressure is the force per
unit surface area. Positive pressure means that this force acts outwards, and
negative pressure means that it acts inwards. Note that the situation when the
external pressure compresses the vessel does not count as negative pressure.
Negative pressure occurs under normal conditions, for example, due to
Bernoulli’s law when the liquid flows through a tube at high velocity (this
is the primary reason why aircraft can fly). However, all these situations
produce small negative pressures, which vanish next to the ρc2 term. In
modern cosmology we deal with media with negative pressures comparable
to ρc2.

When a gas with positive pressure expands in a cylinder with piston, it
performs work and loses energy. Due to the First Law of Thermodynamics,
its density drops. When we put a medium with negative pressure in a
cylinder with piston, it gains energy when expanding, and its density can
change both directions.

In the next Chapter we introduce the so-called cosmological constant
proposed by Einstein. It is equivalent to a medium with some energy density
and pressure, which retain their values regardless of the cosmological
expansion. The pressure is negative and corresponds to the equation of state
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w = −1. This is precisely the type of the medium we are talking about:
it has negative pressure and thus gains energy when expanding. The total
balance keeps energy density the same. But we are not sure that we deal with
cosmological constant and not some medium with similar manifestations,
in which the balance is broken. If it gained slightly less energy its density
would decrease, and if it gained more energy its density would increase.
This generalised cosmological constant is called dark energy and will be
discussed in Chapter 5.

Let us put this dark energy thing into the Cavendish machine (in our
imagination, naturally). What we get is the antigravity, i.e. gravitational
repulsion. This is not some kind of trick due to buoyancy force in air;
it works in pure vacuum. The reason is that the sum ρc2 + 3p becomes
negative (the equation of state is such that w < −1/3), and so does the
gravitational force. For the cosmological constant w = −1, and antigravity
is very prominent.

According to modern views, dark energy with an equation of state very
close to that of the cosmological constant constitutes the majority of the
Universe’s contents — about 69 per cent. It is the gravitational repulsion
or antigravity caused by the dark energy that provides the accelerated
expansion of the Universe.

So far we considered the gravitational interaction between baryonic
matter represented by lead balls and various exotic types of matter. But there
is no reason why we could not consider the interaction between two exotic
types of matter. According to the third Newton’s law, the force exerted on
the exotic matter by the baryonic matter exactly equals the force exerted on
the baryonic matter by the exotic matter. Using this fact and the equations of
state given above, it is possible to calculate gravitational forces between any
two types of matter. We leave these calculations to readers as an exercise.
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Chapter 2

The Expanding Universe

2.1 Einstein’s Static Universe

In his 1917 paper Einstein considered the Universe homogeneously filled
with matter. The first result he obtained was that the force of attraction
would bring all the matter together. Unlike the older Herschel model where
all the matter was confined within a finite volume, Einstein considered
an infinite Universe uniformly filled with matter. The contraction of such a
Universe as a whole did not mean that it changed its size, but that its density
increased in every point of space. This can be understood by considering
any finite part of the Universe, which would shrink and become denser. He
believed, as any other scientist of that time, that the Universe was static,
i.e. did not change with time.

For this reason he needed some kind of a repulsion force to compensate
the gravity. Einstein introduced this force artificially by adding in his GTR
equations an additional summand containing the so-called cosmological
constant. Einstein denoted it λ; nowadays it is customary to denote it �,
so the corresponding summand in Einstein equation is also called lambda
term. The cosmological constant was proposed by Einstein without any
empirical foundations, merely as a consequence of a hypothesis that the
Universe should be static. The cosmological constant provided, in addition
to the Newtonian gravitational attraction, some sort of a repulsion force
between any two objects in the Universe. At a certain matter density these
two forces would compensate each other, making the Universe static.

It was very soon realized that Einstein’s static Universe is unstable. If
some region becomes slightly denser for some reason, it will attract more
matter, becoming even denser and so on. Similarly, regions with lower

25
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density become more rarefied. This is one of the manifestations of the
gravitational instability. Furthermore, the whole static Universe itself is
also unstable. If it becomes slightly larger, the forces of repulsion will
outperform the forces of attraction and the Universe will expand infinitely.
If it becomes slightly smaller, the attraction will dominate and the Universe
will collapse into a point. This circumstance prompted Einstein to abandon
his solution.

2.2 Expansion and Redshift

2.2.1 Other galaxies and their recession

Initially, cosmology was considered a purely theoretical science because
its conclusions could not be verified. This rapidly changed after Edwin
Hubble discovered in 1923 that the Andromeda nebula was located beyond
our Galaxy and soon was classified as a separate galaxy. Thus, it turned out
that our Galaxy was just one of many galaxies.a By 1929 many galaxies
were known and for some of them radial velocitiesb and distances were
measured. These data surprised the astronomers because they yielded that
most galaxies move away from us with very high velocities. Based on
the data about 24 galaxies, Hubble in 1929 obtained his famous lawc

that the galaxies’ velocity v is proportional to the distance r to them. It
is mathematically expressed with the formula

v = Hr. (2.1)

The coefficient H is called the Hubble constant.

aPlease note that the word “galaxy” is capitalized in mid-sentence only when referring to
our Galaxy — the Milky Way.
bA radial velocity of an object is the projection of its velocity vector on the line of sight —
a line connecting this object to the observer.
cThe authorship of the Hubble’s law is disputed by some historians (http://arxiv.
org/abs/1104.3031), who attribute it to Georges Lemaître, who allegedly published this result
in French in the 1927 issue of the local journal Annals of the Scientific Society of Brussels,
and then published an English translation in the 1931 issue of Monthly Notices of Royal
Astronomical Society, which lacked two pages containing this result for an unknown reason.
Some of them went as far as blamed Hubble for plagiarism (http://arxiv.org/abs/1106.3928),
although this conclusion is disputed by other historians (http://arxiv.org/abs/1107.0442). We
provide the links to the papers expressing different points of view on the subject, leaving it
to readers to make conclusions by themselves. The original Hubble’s article is available at
(http://www.pnas.org/content/15/3/168.full.pdf+html).
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According to GTR, the value of H changes with time, but very slowly —
the time scale of its change is comparable to the age of the Universe which
is now estimated as 13.8 · 109 years. This often leads to confusion because
a variable value H is historically referred to as Hubble constant. Its current
value H0 is called Hubble parameter. This quantity is usually measured in
kilometres per second per megaparsecd (designation (km/s)/Mpc).

The Hubble parameter is one of the most important cosmological
parameters. It is necessary to measure distances to remote objects (more on
that later in Section 2.9), it is directly related to the age of the Universe, and
it is used to calculate many other cosmological parameters, such as matter
density. Thus, an improvement of its accuracy also improves the accuracy
of cosmological parameters and thus leads to better understanding of the
Universe.

The latest estimations of the Hubble parameter are provided by the
Planck spacecraft (2013): H0 = (67.80 ± 0.77)(km/s)/Mpc, Sloan
Digital Sky Survey (2016): H0 = (67.6 ± 0.7)(km/s)/Mpc, and Hubble
Space Telescope (2016): H0 = (73.00 ± 1.75)(km/s)/Mpc. These three
estimations are different because they are provided by different methods
and are completely independent of each other. Some of them could be biased
due to some unaccounted systematic errors.

2.2.2 Expansion

Galaxy recession and the Hubble’s Law mean that the Universe is
expanding. How to understand this? How could one visualise the expansion
of the Universe in a uniform world without a fixed centre? Consider a
two-dimensional Universe made of an elastic film, with galaxies lying
on it. This film stretches itself, increasing the distance between galaxies,
since they are fixed with respect to a local patch of the film. This is
the expansion of the Universe. Note that the galaxies themselves do not
expand with the film because mutual gravitational attraction is dominant at
galactic scale. In other words, non-Hubble motions, i.e. local small-scale

dParsec (parallax-second, designation pc) is a widely used astronomical length unit defined
as a distance from which the Earth’s orbit has the angular size 1 second of arc. Parsec is
expressed through the astronomical unit (mean distance between the Sun and the Earth,
designation AU) and is connected to other length units through the following relations:
1 pc ≈ 206.26 · 103AU ≈ 3.26156 ly ≈ 30.857 · 1015 m. Here ly means light year.



December 1, 2017 15:28 How the Universe Works - 9in x 6in b2908-ch02 page 28

28 How the Universe Works: Introduction to Modern Cosmology

motions overpower the global Hubble expansion on the cosmological scale.
As a result, nearby galaxies do not move apart, but move in a common
gravitational well.

Our well contains the Local Group galaxies, which include the Milky
Way, Andromeda, Triangle, both Magellanic Clouds, and about a hundred
dwarf galaxies. These deviations from the general expansion are the result
of deviations from homogeneity of the Universe. Naturally they cannot
be described in the frame of homogeneous cosmology and require special
treatment. At larger scale the Universe is quite homogeneous and we can
use the Hubble law.

The expansion means the increasing of the spatial scale of the Universe
with time. We write “spatial scale” and not “size of the Universe” because
the latter term is ill-defined if the Universe is infinite. To quantify the
spatial scale, we introduce a value a called scale factor. We will define
it in Section 2.6. In a truly homogeneous Universe there are no non-Hubble
motions and all distances between any individual points, tied to the matter
filling this Universe, are proportional to each other and grow at the same
rate. In other words, if we measure the distance between two remote objects,
the scale factor describes how this distance changed over time.

In terms of the scale factor the Hubble constant is its relative rate of
change: H = a−1 da/dt, i.e. its absolute rate of change divided by its value,
all measured at the same epoch. Thus, all that matters is not the exact value
of the scale factor a, but a ratio of its values at different epochs, which we
shall refer to as a relative scale factor u. For practical reasons, a scale factor
at the present epoch is used as a denominator of this ratio: u = a/a0, where
a0 is the current value of the scale factor.

So all we need to calculate the time-depending Hubble constant is
a ratio of the distances between any far enough objects (so they are not
gravitationally bound) at all given epochs to its value at the present epoch.
Thus it can be obtained without an exact definition of scale factor. We will
return to a further discussion of the concept of scale factor in Section 2.6.

2.2.3 Redshift

The expansion of the Universe is manifested in the so-called redshift of
the radiation spectrum. Every distant astronomical object like a galaxy or
a quasar has its spectrum of radiation shifted. This shift is usually towards
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increasing wavelengths — hence the name redshift — and characterises its
radial velocity.

It is possible to explain it in two ways, all describing the same effect.
Note that only one of them should be used to avoid taking this effect into
account multiple times.

The first approach connects the redshift with the expansion of space
itself (and the light waves) during the propagation of light. As a result, the
observed wavelength λobs is longer than the emitted wavelength λemit. Their
ratio equals the relative scale factor at the epoch the light was emitted.

The quantitative characteristic of redshift is given by value z, also
called redshift, which equals z = 1/u − 1. It equals zero for local objects
and tends to infinity for very distant objects. Redshift is commonly used
to determine the distance to the most remote objects. At extremely large
distances, astronomers prefer using redshift to the expansion velocity.

The second approach is treating the redshift as a result of the Doppler
effect considering that the emitting object moves away at the expansion
velocity. For velocities less than the speed of light c, its value is given by
the formula for the Doppler effect: 1 + z = 1/u = √

(1 + v/c)/(1 − v/c).
At small redshifts z � 1 this can be approximated as v = cz.

The expansion velocity is converted into distance using the Hubble’s
law. Due to the uncertainty in the value of the Hubble’s parameter,
the distance is often expressed through its dimensionless value h =
H0/(100(km/s)/Mpc). So the expansion velocity of 10000 km/s translates
to the distance of 100 h−1 Mpc, sometimes shortened to 100 Mpc/h. The
reason for doing so is that the accuracy of the redshift measurement is much
higher than that of Hubble’s parameter, and the distances written this way
stay current after an update to the Hubble’s parameter value.

We emphasize once again that these are not two different effects, but
two different explanations of the same effect. They should not be combined
together.

Note that non-Hubble motions also cause a redshift, but only in the
sense of the Doppler effect. No stretching of space occurs when a galaxy
falls towards a density enhancement. For example, nearby galaxies are
sometimes blueshifted, which means that they move towards us. This effect
has nothing to do with the expansion of the Universe and is caused by
the mutual attraction of nearby galaxies, for example of the Milky Way



December 1, 2017 15:28 How the Universe Works - 9in x 6in b2908-ch02 page 30

30 How the Universe Works: Introduction to Modern Cosmology

and Andromeda. Therefore, astronomers do not use radial velocities to
determine distance to nearby objects, but for faraway objects this is the
main method of distance measurement.

2.3 Hubble’s Law∗

In this Section we derive Hubble’s law assuming
isotropic and homogeneous Universe.

Consider three points 1, 2 and 3 somewhere in the Universe, which
form a triangle, as shown in Figure 2.1. The lengths of the triangle’s sides
are r21, r31 and r32. The length r31 depends not only on the length of the
other two sides, but also on the angle between them. By changing the angle,
we can get any value for r31 in the range from |r21 − r32| to r21 + r32.

Due to the cosmological expansion the points recess from each other.
Consider the motion of particles in two other points observed from a certain
point, say point 1. Each of the points 2 and 3 can move only radially
away from the point 1, otherwise the Universe would be anisotropic. In
an isotropic Universe there are no preferred directions except for the radial
direction. The velocities of all particles at a distance r from the observer
should be the same regardless of the direction; otherwise the Universe
also would be anisotropic. Thus, the isotropy condition fixes the rate of
expansion in the form �v = f(r)�r, where f(r) is some still unknown
function.

Figure 2.1. To the explanation of the Hubble’s law.
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The velocity of point 2 relative to the observer at point 1 equals �v21 =
f(r21)�r21. Point 3 moves at the speed of �v32 = f(r32)�r32 relative to the
point 2. Adding these, we obtain that point 3 moves relative to the point 1 at
the speed �v31 = �v21+�v32 = f(r21)�r21+f(r32)�r32. On the other hand, it also
equals �v31 = f(r31)�r31 = f(r31)(�r21 + �r32). This gives us the condition

(f(r21) − f(r31))�r21 = (f(r31) − f(r32))�r32. (2.2)

Because vectors �r21 and �r32 may have different directions, it is possible
only if

f(r21) = f(r31) = f(r32) = const. (2.3)

Thus, the function f reduces to a constant, which we call the Hubble
constant H . Thus, in a homogeneous and isotropic universe at any given
time the only possible law of expansion is the Hubble’s law (2.1).

Note that when deriving the Hubble’s law, we ignored relativistic
effects. In relativistic case we no longer can simply add velocities, and
formulae become trickier.

Let us derive them. According to Special Relativity if a body moves
with the velocity v relative to the fixed observer and a second body moves
in the same direction with the speed w relative to the first one, then the
velocity of the second body relative to the fixed observer is

V = v + w

1 + vw/c2 (2.4)

This equation can be rewritten in the form

tanh−1 V

c
= tanh−1 v

c
+ tanh−1 w

c
. (2.5)

The inverse hyperbolic tangent can be reduced to the natural logarithm as

tanh−1x = 1

2
ln

(
1 + x

1 − x

)
. (2.6)

If the Hubble constant H was really constant, then we would have to use
the function c · tanh−1(v/c) instead of v in the Hubble law (2.1) and get

v = c tanh
Hr

c
, Hr = c tanh−1 v

c
= c

2
ln

(
c + v

c − v

)
. (2.7)
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However, for velocities much less than the speed of light the Hubble law in
the form (2.1) works well.

Note that the velocity v of recession of galaxies and other objects in
space cannot reach the speed of light c and there is no contradiction with
Special Relativity. The distance r = c/H is thus not the border of the
observable part of the Universe, as many erroneously believe. In Section 3.4
we discuss the cosmological horizon, which is a real border of visible part
of the Universe, but it exists for a completely different reason.

In any case the time dependence of the Hubble constant leads to the fact
that scientists use the Hubble law in its simple form (2.1) only for objects
located not too far away with v � c. More distant objects are characterised
by their redshifts z. Their light was emitted long ago when the value of the
Hubble constant differed from the current Hubble parameter.

Question: Why do galaxies move away from us? Are we in the centre of
the Universe?

Answer: Any point in the Universe is as good as any other. In Figure 2.1,
point 3 moves away from point 1 at the velocity �v31 = H�r31, and point 2
moves away from point 1 at the velocity �v21 = H�r21. If we switch to the
frame of point 2, the radius vector of point 3 would be �r32 = �r31 − �r21,
and the velocity would be �v32 = �v31 − �v21 = H�r31 − H�r21 = H�r32. So,
the Hubble’s law holds regardless of the location of the origin.

Question: How could one estimate the age of the Universe from Hubble’s
law?

Answer: Any two galaxies separated by the distance r move away from
each other with the velocity v = Hr. Let us find when the distance
between them was zero. Dividing the distance by the velocity we get
T = r/v = H−1. Inverting the Hubble parameter H0 = 68(km/s)/Mpc
we get the estimated age of the Universe 14.4 · 109 yr. Note that this is
a rough estimation, because the Hubble constant changes with time and
the expansion velocity changes with distance.

Question: Why the value H , which changes with time, is called Hubble’s
constant?

Answer: Inverting the result of the previous problem, we estimate the
Hubble’s constant as H = T−1, where T is age of the Universe. Thus, a
relative change of H in 1 year equals 1 yr/13.8 · 109 yr = 7.25 · 10−11.
Thus, in 75 years since the discovery of the Hubble’s law this quantity
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changed approximately by 5 parts in 109. Like before, this estimation is
correct only to an order of magnitude. The reason is the influence of the
so-called dark energy, which we will explain later.

2.4 Friedmann Models

The Hubble’s law is so important for cosmology because it was its first
serious observational confirmation, as this dependence followed from
theoretical predictions made shortly before its discovery.

In 1922 a Russian physicist Alexander Friedmann derived the solution
of Einstein equation, which described the whole Universe without a
cosmological constant. The peculiarity of this solution was that the Universe
was dynamic, i.e. it first expanded and then, depending on its initial density,
either continued expanding eternally, or compressed. In 1927 the same
solution was also derived by a Belgian priest Georges Lemaître, and in
1935 — by an American physicist Howard P. Robertson and a British
mathematician Arthur G. Walker. In English literature this solution is often
called FLRW solution after their initials (in older books it is sometimes
cited as FRW unfairly omitting Lemaître). We refer to it as Friedmann’s
solution recognizing his priority. This solution is extremely important
because it lies at the foundation of all modern cosmological theories, which
combine it with an idea of a cosmological constant. Although it is known
today that the original Friedmann’s solution does not describe the real
Universe, it is very important to learn its properties in order to under-
stand modern cosmological models. For this reason, we give its detailed
description.

Friedmann and his successors applied Einstein’s equation to a homo-
geneous and isotropic Universe. Let us remind that in such a world there
are no chosen places and preferred directions, every point is as good as any
other, and each direction is neither better nor worse than any other. These
requirements are sufficient in order to obtain, for example, the Hubble’s
law as the most general solution, like we did in Section 2.3.

Friedmann’s solution describes three physically different situations,
distinguished by the value of the ratio of the Universe’s matter density
to the so-called critical density, which depends on the Hubble’s constant.
The exact formula for critical density (2.11) will be given a bit later in
the advanced section. This ratio is called matter density parameter and is
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denoted �m.When this parameter is less than unity, the Universe has infinite
volume and expands forever with the Hubble’s constant tending to a positive
value. This situation is called an open model or an open Universe. When
the density parameter is equal to unity, the Universe is also infinite and also
expands forever, but the Hubble’s constant tends to zero. This situation is
called a flat model or a flat Universe, and differs from the open model by its
asymptotic behaviour in the future: an open Universe expands faster than
a flat Universe.

A totally different situation arises when the density parameter is greater
than unity. In this case, which is called a closed model or a closed Universe,
the Universe has finite volume, yet has no edges. To understand how this
is possible, imagine a globe or any other sphere, whose area is finite, yet
there is no “edge of the world”. The closed Universe looks exactly the same
but in 3 dimensions.e At some point a closed Universe stops expanding and
starts contracting, which is accompanied by the reversal of the sign of the
Hubble’s constant, and some time after that it collapses into a singularity
called Big Crunch.

Note that although both the matter density and the critical density vary
over time, their ratio �m cannot cross the value equal to unity. In other
words, the type of the model — open, flat, or closed — is fixed and cannot
change.

We illustrate these models in Figure 2.2 by plotting how their key
parameters (scale factor and the Hubble constant) change with time.
Immediately after the Big Bang (to be described in Section 3.1) the Hubble
constant was infinitely large and immediately before the Big Crunch in the
closed model it will tend to minus infinity. Naturally, it vanishes when the
closed universe achieves its maximal size.

From the fact that the Universe is expanding now, we conclude that it is
either open or flat, or closed but on the expansion phase. In any case, its scale
grew monotonically so far. The plot of the scale factor from the Big Bang
to the current epoch looks like the curve in Figure 2.2. The wavelength of a
photon emitted at some epoch increased 1/u times, where u is the relative
scale factor at that epoch. Therefore, its redshift equals z = 1/u − 1. The

eThe ability to imagine space with more than 3 dimensions is extremely useful when studying
Relativity.
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Figure 2.2. Relative scale factor (left) and Hubble constant (right) vs. time for three
Friedmann models.

older is the light emitted by the object, the further is the object, and the
greater is its redshift. This is the reason why redshift is a good proxy for
distance.

2.4.1 Arrow of time

One philosophical issue to consider with respect to Friedmann models is
the so-called arrow of time — a term introduced by Eddington. Time is
different from spatial coordinates because any object including ourselves
must move along the time axis in a pre-defined direction regardless of
its will. The arrow of time characterizes this direction: from the past to
the future. We can distinguish between past and future using the causality
principle, which states that any cause must precede its consequence. The
direction of the arrow of time due to the causality principle is called a
causal arrow of time. There are also other arrows of time, which we do not
describe here.Although it is a philosophical concept, it is very important for
physics. For example, General Relativity has solutions with closed timelike
trajectories, which allow any object to return to the original location is
space-time visiting its past en-route. Such solutions are marked as non-
physical due to the violation of the causality principle. Thus, it is believed
that the arrow of time is always present in real world.

How does the arrow of time manifest itself? The laws of mechanics
are symmetric to the reversal of time until a dissipative force such as
friction appears. Thermodynamic processes are split into reversible, which
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are insensitive to the arrow of time, and irreversible, where the arrow of
time is the direction in which entropy increases. From the perspective of the
elementary particle physics, the Universe should be CPT-invariant.f Since
CP symmetry is broken, there is also no symmetry to the reversal of time.
In electrodynamics the situation is a bit trickier: Maxwell’s equations are
symmetric to the reversal of time, and the asymmetry is provided by the
boundary conditions, which should be unbelievably finely matched for a
reversed process.

Let us illustrate the latter case with an example: we launched a charged
ball with a slingshot. While it moved with acceleration due to the rubber
band’s tension, it emitted electromagnetic waves. And this is how this
process looks with reversed time: a charged ball moves with constant
velocity, and then electromagnetic waves arrive from the infinity with finely
matched phase, amplitude and frequency, slow it down, and its impulse is
passed to the rubber band. Not an awfully realistic scenario, isn’t it? The
difference is in the likelihood of initial conditions. In the first case, they
are quite common, while in the second case they must be crafted with
pinpoint accuracy. Naturally, this is also linked to the causality principle:
we set initial and not terminal conditions. Thus, electrodynamics also uses
a causal arrow of time.

Some cosmologists introduced a so-called cosmological arrow of time,
which leads to the expansion of the Universe. When the curvature of
the Universe was unknown, there were speculations that when a closed
Universe starts collapsing, the arrow of time would change its direction
for all processes, i.e. the time would go backwards. This hypothesis
was supported by Stephen Hawking [1998] at the time, who argued
that entropy would decrease in a collapsing Universe, but abandoned
this idea later. Nevertheless, he claimed that thermodynamic, causal, and
cosmological arrows of time should coincide due to the anthropic principle
(see Section 3.7). We do not find his reasoning convincing because we
fail to see any fundamental reason why rational observers could not exist
in a closed Universe, which already started contracting. These observers
could well observe a change of the Hubble’s constant’s sign, and it is
totally unclear why this should result in the reversal of the thermodynamic

fSee footnote on p. 96.
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and causal arrows of time. This issue was described in a totally different
fashion in a book “The Structure and Evolution of the Universe” by Yakov
Zel’dovich and Igor Novikov. Without unnecessary ado, they compare the
expansion of the Universe to a motion of a rock tossed upwards. It first
increases its height, then decreases. When it stops at the top of its trajectory,
there is no reason to think that the arrow of time changed its direction.
Also, for an observer on the ground, it will become blueshifted rather than
redshifted, and its “Hubble’s constant” will change its sign. We support this
reasoning. However, this issue became purely philosophical recently, as the
latest constraints on the cosmological parameters rule out the possibility of
the Universe’s collapse.

Question: How the spectrum would shift if we lived in a contracting
closed Universe?

Answer: Let us begin by plotting scale factor vs. time from the Big Bang
to current epoch for this case. This is, naturally, a part of the plot in
Figure 2.3. We see that the scale factor first grows from zero at the Big
Bang to some value amax greater than one, and then reduces to unity at
current epoch. Naturally, at some point B during the expansion phase the
scale factor also equals one. The wavelength of the light emitted in point
B first expands amax times, and then contracts amax times, and arrives
with exactly the same wavelength as it was emitted. Therefore, any light
emitted before time B is observed with exactly the same wavelength it had
at point B. This means that any object between the Big Bang and point B
will be redshifted. Thus, for any light older than B we can use the same
formulae as in the case of expanding Universe.

Figure 2.3. A portion of Fig. 2.2 illustrating the evolution of the scale factor of the closed
universe.
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Any light emitted after point B would expand less than it shrank
afterwards. This means that its observed wavelength would be shorter
than it was emitted, i.e. its spectrum will be blueshifted. Clearly enough,
the maximal blueshift would be observed for the light emitted at the instant
of time when the Universe had maximum scale. If we formally applied the
redshift formula for the expanding Universe, we would get negative value
of z. Moreover, any such value of z would correspond to two different
instants of time and, in turn, distances. This is caused by the fact that the
Universe attains the corresponding scale factor twice: during expansion
from point B to the maximum scale, and during contraction from the
maximum scale to the present epoch.

Astronomers living in this world would observe objects whose blueshift
increases with distance, then decreases to zero, and then switches to
redshift. They would surely have a lot of trouble determining distances
to remote objects. Fortunately, according to modern constraints of
cosmological parameters, our Universe will never contract.

2.5 Geometry of the Universe

Friedmann’s solutions of Einstein’s equations without a cosmological
constant describe three possible types of the Universe. In addition to the
differences described in the previous section, they also have different signs
of spatial curvature. This is the most fundamental property of these models.

What is spatial curvature? Let us summon a two-dimensional analogy
once again. A sheet of paper has zero spatial curvature, because it is flat.
A flat surface follows the rules of Euclidian geometry (this is the kind
of geometry taught in school). As the name suggests, the flat Universe is
indeed flat and its spatial curvature is also zero. A spherical surface, such as
a globe, has positive spatial curvature. It is a two-dimensional counterpart of
a closed model. There are more complicated surfaces, which have negative
spatial curvature, the most known of them being a pseudosphere. These
are two-dimensional analogies of an open model. In the latter two cases,
Euclidian geometry does not work. In other words, knowing the spatial
curvature we can determine which one of Friedmann’s solutions describes
the real world.

How could one measure the spatial curvature of the Universe? If the
Universe did not expand or we could instantly travel, this would be quite
trivial. Let us conjure an analogy to explain this. Imagine two-dimensional
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creatures living on a spherical surface (closed model). Their world has no
edges but a strictly finite area equal to 4πR2 with R being the radius of the
sphere.Any point on the sphere can be considered a centre of the world. The
ratio of the circle’s length to its radius r would be less than 2π. A circle’s
radius here is understood as the distance from its centre to the circle itself
along the sphere’s surface, as measured by a measuring tape. In other words,
if we put a stake into its centre and drew a circle with a pencil tied to this
stake, the radius would be the length of the rope. Moreover, if we choose
an arbitrary point, say a pole, and start drawing circles around it (parallels),
their length would first increase, reach maximum at the equator, and then
decrease. In other words, the length of the outer circle will be less than
the length of the inner nested circle. So if those circles were fences, and
a creature would start painting them on the outside, moving outwards, it
would at some point find itself surrounded with the final fence, facing the
outer side in all directions, as shown in Figure 2.4. In three-dimensional
world the circles should be replaced with spheres with the ratio of the

Figure 2.4. In a static closed Universe the ratio of a circle’s length to its radius is less
than 2π and decreases when the radius increases. A circle’s length first increases and then
decreases as its radius increases.
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surface area to the radius squared less than 4π. The surface area would first
grow and then decrease.

With zero spatial curvature, two-dimensional creatures live in a plane,
and we live in a flat Universe. The length of the circles and the areas of the
spheres would be just as given by Euclidian geometry. There would be no
edges and the volume of the Universe would be infinite.

If the curvature was negative, the ratio of the sphere’s surface area to
radius squared would be larger than 4π. The surface area of spheres grows
with the radius. The Universe has infinite volume and no edges.

An alternative way to determine curvature is to consider a large enough
triangle and calculate its sum of angles. If it equals 180 degrees, we have flat
space. If it is greater, we have positive curvature, as shown in Figure 2.5.
If it is less, we have negative curvature, as shown in Figure 2.6. Such a
method was proposed by Carl Friedrich Gauss, who suggested using three
mountain peaks for practical implementation.

Observational data do not allow ruling out any of these cases with
confidence. However, the Universe is most likely to be flat or nearly flat.
This will be explained in Section 3.6.

Figure 2.5. In a closed Universe the sum of angles in a triangle is greater than 180 degrees.
Thick lines show a triangle on a sphere, crosshatched area shows a flat triangle for
comparison.
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Figure 2.6. In an open Universe the sum of angles in a triangle is less than 180 degrees.
Thick lines show a triangle on a pseudosphere, dashed lines show a flat triangle for
comparison.

Let us switch to the real world. The space at the scales of human activity
is neither uniform nor isotropic. In this case the situation becomes far more
complicated. For example, if we drew a triangle within the Solar System,
its sum of squares would depend on its orientation with respect to the
plane of ecliptics. However, this effect is far too advanced to be discussed
in a popular book, so the practical conclusion is that such experiments
make sense only on spatial scales larger than typical inhomogeneities of the
Universe, i.e. much larger than our Galaxy. Nevertheless, we can consider
such thought experiments in uniform isotropic Universe to better understand
differences between various types of distances used in curved space. For
actual observations, it is absolutely necessary to use larger scales, and all
observations described below meet this requirement.

Note another interesting peculiarity of the closed Universe. If the
Universe was static, and the speed of light was infinite, one could see the
back of his or her own head by looking through a powerful enough telescope.
This happens for exactly the same reason why a traveller going westward all
the time eventually returns to the starting point, circumnavigating the globe.
This spurred some very naïve astronomers to watch the sky in the direction
opposite to the farthest known objects of that time hoping to see them from
the back. Of course, studying relativistic cosmology not by popular books
alone would save them quite a lot of fruitless efforts. The thing is that the
closed Universe expands and then collapses. Calculations yield that the
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time required for the light to travel around the Universe is larger than the
lifetime of such a Universe.

2.6 Scale Factor

Now, when we learned about the geometry of the Universe, we can return to
a discussion of the concept of scale factor. We could use a distance between
any arbitrary points as a scale factor, but there are no selected points in the
homogeneous Universe. Nevertheless, there is a natural spatial scale in the
closed Friedmann Universe. It is the radius of curvature of the Universe,
which is used as a scale factor a in the closed model. In the open model
the radius of curvature of the Universe is negative, so the scale factor a is
defined as the absolute value of this radius. In both cases the value of the
scale factor now is equal to some value a0. We use a subscript 0 to indicate
values at the current epoch.

Completely different is the case of the flat model with zero spatial
curvature where there is no natural scale factor. To circumvent this obstacle
we set a0 = 1.As a result, the value of scale factor is defined as a ratio of the
distance between any remote enough objects (so they are not gravitationally
bound) at a given epoch to its value at the current epoch. In this book we
will use this ratio for all models. There are several reasons for this choice.
Our Universe is flat or nearly flat and we don’t know the value of its radius
of curvature.

We refer to this ratio as u. It coincides with the definition of the scale
factor in the case of the flat model. For open or closed models it corresponds
to the ratio u = a/a0. We call it relative scale factor for simplicity. The
inverse value 1/u is closely related with redshift z through a simple formula
1/u = 1 + z. The Hubble constant is equal to H = du/udt.

2.6.1 Deceleration parameter

One possible way to choose between the three Friedmann’s models
is to measure the so-called cosmological deceleration parameter q. A
deceleration parameter is a rate at which the Hubble’s constant decreases
over time; see Subsection 2.7.3 for details. It is positive in all three
Friedmann’s models. In a closed model it is greater than 0.5, in a flat model
it equals 0.5, and in an open model it is less than 0.5, but still positive.
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Determination of the deceleration parameter of the real Universe,
using data on the supernova explosions, gave an unexpected result. This
value appeared to be negative. This means that our Universe is now
expanding with acceleration. This discovery has brought its authors Saul
Perlmutter, Brian Schmidt and Adam Riess the Nobel Prize in Physics
in 2011 “for the discovery of the accelerating expansion of the Universe
through observations of distant supernovae”. To explain this effect, it is
necessary to introduce a new entity resembling a cosmological constant or
dark energy.

2.7 Non-Relativistic Friedmann Solutions∗

In this Section we obtain the mathematical descrip-
tion of the three Friedmann models using classical
Newtonian law of universal gravitation and calculate the deceleration
parameter.

2.7.1 Cosmological evolution without cosmological constant∗

Let us first consider the simplest model, when the Universe is uniformly
filled with some dust-like matter, i.e. matter without pressure, with density
ρ(t) depending on time. We choose an arbitrary point, which will be
temporarily considered as the centre of the Universe. Naturally we can take
any other point and assign it as the centre of the Universe: the equations
will be the same due to the homogeneity of the Universe.

Consider a sphere of radius r(t) around this centre attached to the matter
and expanding together with it according to the Hubble’s law. Every atom,
every particle of matter can not cross this sphere. Whatever was inside the
sphere remains inside permanently, whatever was outside remains outside,
and whatever was on the surface remains on the surface. The radius of the
sphere is small compared to the value c/H , so its motion is non-relativistic
and we can use the simple form (2.1) of the Hubble’s law v(t) = H(t)r(t),
where v(t) = dr(t)/dt is the expansion rate of the sphere with radius r(t).
Thus, H(t) = dr(t)/dt r−1(t).

The volume of the sphere is equal to 4πr3/3 and the mass of the dust-
like matter inside is equal to M = 4πρr3/3. This mass remains the same
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during the expansion, so, introducing a constant value B = 3M/4π, we get

ρ(t) = Br(t)−3. (2.8)

As you can see, there are no mathematical nightmares so far. The next step is
to obtain the equation describing the expansion of the Universe and derive
the dependencies r(t) and H(t) from it.

Before we start, let us consider a much simpler related problem. There
is a spherically symmetric planet with mass M and radius R somewhere
in space, which has no atmosphere and does not rotate, so the motion of
bodies is governed by gravity alone. Its inhabitant kicks a soccer ball with
the mass m vertically upwards with the velocity V . How will the ball move?
Obviously, it will move in radial direction away from the planet’s centre.
Will it fly into space or fall back to the ground (Figure 2.7)?

How can we know which one of these two possibilities will be realized?
It is sufficient to use the law of conservation of energy. The total energy of
the ball is the sum of its kinetic and potential energy. The kinetic energy
at any time is equal to mv2/2, where v is the current speed of the ball. The
potential energy due to the gravitational interaction between the ball and
the planet is equal to −GMm/a, where G is the gravitational constant and
a is the current distance between the ball and the centre of the planet. The
potential energy is negative near the planet and becomes zero if the ball
moves away from the planet at a very long distance. The kinetic energy of
the ball is always non-negative. Thus, for the ball to escape into space, its
total energy should be also non-negative. Since the total energy is conserved,
this also applies to its initial energy E, which is equal to

E = mV 2

2
− GMm

R
= m

2

(
V 2 − v2

esc

)
. (2.9)

The value vesc = √
2GM/R is called the escape velocity. It is the minimum

speed needed for an object to escape the gravitational attraction of a massive
body. The escape velocity of the Earth is about 11.2 km/s. If the initial
speed of the ball is less than vesc, it will fall back onto the planet. The
maximal altitude of the ball at V < vesc can be easily obtained directly
from the law of energy conservation. At V = vesc the speed of the ball will
decrease with the distance from the planet, vanishing at huge distances. If
V > vesc the speed of the ball will decrease up to some positive limit equal
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Figure 2.7. Possible results of kicking a soccer ball upwards.

to
√

V 2 − v2
esc. These three cases correspond to negative, zero and positive

energy, respectively.
Curiously enough, these cases correspond also to three principal cases

of cosmological expansion. Let us return to the sphere with dust-like matter
and track a particle with mass m located on its surface. At some instant of
time its kinetic energy is equal to mv2/2 = mH2r2/2. The gravitational
potential energy is provided only by the interaction with the matter inside
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the sphere and is equal to −GMm/r = −4πGmρr2/3. The total energy is
equal to

E = mr2
(

H2

2
− 4

3
πGρ

)

= 4

3
πGmr2(ρc − ρ) = 1

2
mA = const, (2.10)

where A is some constant and ρc is the so-called critical density

ρc = 3H2/8πG. (2.11)

Note that the value of ρc depends on the value of the Hubble constant
H and varies in time. Now it is equal to 1.88 · 10−26h2 kg/m3, where
h = H0/(100 (km/s)/Mpc). Using the value of h derived from astronomical
observations one can get ρc = (8.62 ± 0.12) · 10−27 kg/m3. How much is
that? The most rarefied medium ever encountered by a human being is the
interplanetary space in the Solar System. Its density near the Earth’s orbit
at its lowest is about 10−20 kg/m3 (6 protons per cubic centimetre), which
is more than 80 million times greater than the critical density.

The difference between the matter density ρ and the critical density
always has the same sign, which is opposite to the sign of the constant A.
When A > 0 the condition ρ < ρc is always held. The energy of the particle
is positive, and therefore it can reach infinity. Its speed decreases tending
to a positive value v = √

A. The expansion is eternal with the Big Bang
and without the Big Crunch. This case corresponds to an open Friedmann
model. At A = 0 we have ρ = ρc during eternal expansion, the particle
has zero energy and can reach infinity, but with zero speed. This is the flat
Friedmann model. If A < 0, then ρ > ρc at any time and the energy of the
particle is negative. It cannot reach infinity and sooner or later the expansion
of the Universe stops and is replaced by compression. This is the closed
Friedmann model.

As one can see, the three versions of the Friedmann cosmological
model — open, closed and flat — are obtained as easy as the motion of a
stone thrown upwards from the ground. To fly infinitely far, the speed of the
stone must be equal to the escape velocity (this corresponds to a flat model)
or exceed it (the open model). The stone thrown slower first goes up and then
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begins to fall down (closed model). However, within the non-relativistic
cosmology we can not find that these closed, flat and open models must
have positive, zero and negative spatial curvature, correspondingly. This is
only possible using relativistic cosmology based on General Relativity.

Introducing Eq. (2.8) into Eq. (2.10) we get one of the two Friedmann
equations for the Universe filled with dust-like matter without cosmological
constant

H2 = A

r2 + 8

3
πGρ = A

r2 + 8

3
πG

B

r3 , (2.12a)

(
dr

dt

)2

= v2 = H2r2 = A + 8

3
πG

B

r
. (2.12b)

Solving them yields the dependences for r(t) and H(t)

dr

dt
= Hr =

√
A + 8π

3r
GB, (2.13a)

t =
∫

dr√
A + 8π

3r
GB

. (2.13b)

They, together with the dependence ρ(t) given by Eq. (2.8), complete the
description of the three possible scenarios of the cosmological evolution in
the framework of non-relativistic cosmology.

2.7.2 Study of solutions∗

Let us investigate the meaning and properties of Friedmann solutions.
First of all, we switch from constants A and B to values with clearer
physical sense. Let us choose a reference instant of time in the frame of
an observer, immobile with respect to the surrounding medium. We shall
refer to it as the current epoch or “now”. We denote all values related to
this instant with subscript 0. We already did it earlier when we introduced
the Hubble parameter H0 — a current value of the time-depending Hubble
“constant” H . The next quantity we use is the so-called matter density
parameter �m = ρ/ρc. Both numerator and denominator in this ratio
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depend on time according to Eqs. (2.8) and (2.11). So the matter density
parameter depends on time, too. We denote its current value �m0. We also
need the current value of radius r0.

Applying Eqs. (2.4) and (2.7) to the current epoch we get

B = ρ0r
3
0 = �m0ρc0r

3
0 = 3H2

0 �m0r
3
0/8πG. (2.14)

From Eqs. (2.10) and (2.11) at the current epoch we get

A = H2
0 r2

0(1 − �m0). (2.15)

From Eq. (2.15) we see that the case �m > 1 corresponds to A < 0,
i.e. to the closed model, under which the Universe eventually recollapses.
Likewise, the case �m < 1 corresponds to the open model with A > 0 and
the case �m = 1 corresponds to the flat model with A = 0.

Substituting Eqs. (2.14) and (2.15) into Eq. (2.12) we get

H2 = H2
0 [u−2(1 − �m0) + u−3�m0]. (2.16)

Here we introduced a relative scale factor u = r/r0, which can be easily
converted to redshift z at r < r0 by a simple relation 1/u = 1 + z.

Eq. (2.16) fully describes the dependence H(u) or H(z). At the present
epoch u = 1 it is satisfied automatically. Let us analyze the dependence of
Hubble constant on the relative scale factor or redshift z.

At �m0 = 1 (flat model) we have H = H0u
−3/2, which corresponds

to a monotonous decrease of H approaching zero at u → ∞. At �m0 < 1
(open model) it also decreases but slower, tending to a non-zero value.
At �m0 > 1 (closed model) the first term in brackets is negative and the
second one is positive. The second term decreases faster than the first one.
Thus, if the model allows large values of u, the right-hand side of Eq. (2.16)
eventually becomes negative, which is impossible. Therefore, the relative
scale factor of the Universe increases until the Hubble constant reaches
zero, and decreases afterwards. We can find the maximal scale factor by
setting the expression in square brackets to zero:

umax = rmax/r0 = �m0/(�m0 − 1). (2.17)
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To find the time dependence we need to substitute Eqs. (2.14) and (2.15)
into Eq. (2.13), which reduces to

t = 1

H0

∫
du√

1 − �m0 + �m0u−1

= − 1

H0

∫
dz

(1 + z)2
√

1 + z�m0
. (2.18)

All it takes to calculate this integral is a quick glance into a good reference
book. At the simplest case of flat model (�m0 = 1) it is obvious and we get

t = 2

3

u3/2

H0
. (2.19)

The value of the integration constant is chosen in such a way that the instant
t = 0 corresponds to Big Bang.

For the open model (�m0 < 1) we have

t = 1

H0
√

1 − �m0

×
[√

p(1 + z) + 1

1 + z
+ p

2
ln

(√
p(1 + z) + 1 − 1√
p(1 + z) + 1 + 1

)]
, (2.20)

where p = �m0/(1 − �m0) > 0.
For the closed model (�m0 > 1) we have another cumbersome

expression

t = 1

H0
√

�m0 − 1

×
[
s
(π

2
− tan−1

√
s(1 + z) − 1

)
−

√
s(1 + z) − 1

1 + z

]
, (2.21)

where s = �m0/(�m0 − 1) > 1.
We used these formulae to plot Figure 2.2. Now we re-plot it with labels

as Figure 2.8. We used the value H0 = 68(km/s)/Mpc, which, however, only
affects the timescale of the plot. We used rather extreme values �m0 = 0.5
and �m0 = 1.5 as examples of open and closed models.

Eq. (2.21) gives us the time interval from Big Bang to the moment when
the closed Universe reaches its maximal scale and an equal time interval



December 1, 2017 15:28 How the Universe Works - 9in x 6in b2908-ch02 page 50

50 How the Universe Works: Introduction to Modern Cosmology

Figure 2.8. Three Friedmann models. Relative scale factor u (left) and Hubble constant
H (right) vs. time since the Big Bang t.

from this moment to the Big Crunch

�T = πs

2H0
√

�m0 − 1
= π

2H0

�m0

(�m0 − 1)3/2 . (2.22)

The total lifetime of the closed Universe is therefore equal to 2�T .

2.7.3 Deceleration parameter∗

Some useful values can be obtained without any differential equations like
(2.12). The deceleration parameter in cosmology is defined asg

q = − r̈r

ṙ2 . (2.23)

Here the dot above a variable means its derivative with respect to time, and
two dots mean the second derivative with respect to time. Thus, ṙ is the
velocity and r̈ is the acceleration.

We can find the rate at which the expansion slows down from the
acceleration of the particle on the surface of the sphere

r̈ = v̇ = −GM

r2 = −4πGρr

3
. (2.24)

So the deceleration parameter is equal to

q = − r̈r

ṙ2 = 4πGρr2

3ṙ2 = 4πGρ

3H2 = ρ

2ρc
= �m

2
. (2.25)

gStrictly speaking, the right-hand side should read a instead of r, but we use r because a

can not be properly introduced in non-relativistic cosmology as explained in Section 2.6.
Besides, their relative change is the same: a/a0 = r/r0, and so is the deceleration parameter.
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Here �m = ρ/ρc is the matter density parameter. It can be seen that it is
indeed a slowdown of expansion and q equals 0.5 for the flat model, exceeds
0.5 for a closed model, and is between 0 and 0.5 for an open model.

From Eqs. (2.10) and (2.11) it also follows that

H2r2(1 − �m) = A = const. (2.26)

From Eq. (2.26) we see that the case �m > 1 corresponds to A < 0,
i.e. to the closed model, under which the Universe eventually recollapses.
Likewise, the case �m < 1 corresponds to the open model with A > 0,
and the case �m = 1 corresponds to the flat model with A = 0.

Note that from the Hubble’s law (2.1)

r̈ = v̇ = d

dt
(Hr) = Ḣr + Hṙ = Ḣr + Hv = r(Ḣ + H2), (2.27)

which means that

q = −
(

Ḣ

H2 + 1

)
. (2.28)

So deceleration does not only mean that H is decreasing; it also means
that q is positive and Ḣ < −H2. The value of Hr decreases at q > 0
according to Eqs. (2.23) and (2.27). This means that the absolute value of
the deviation of �m from unity increases as the Universe expands. These
deviations are positive for the closed model and negative for the open one.
Only the flat model remains unchanged. In any case, Friedmann models
without cosmological constant or dark energy provide an increase of the
value of |1 − �m|.

2.7.4 Matter with nonzero pressure in the expanding Universe∗

Consider a volume V filled with matter with the energy density ε and the
pressure p. Both parameters will change if we compress of expand this
volume and they will do it in agreement. Dependence between the pressure
and the energy density is called the equation of state. We already discussed
it in Section 1.3. The equation of state is called barotropic if the pressure
is a function of the energy density p = p(ε).

We start from obtaining the dependence of these parameters on the
volume. For the case of dust-like matter this dependence has the form (2.8).
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In order to obtain it for the matter with barotropic equation of state we use
the energy conservation law or the first law of thermodynamics. It has the
form

dE = dQ − dA. (2.29)

Here E = εV is the internal energy of this matter, dE is how much it
changed, dQ is the amount of heat absorbed by the matter and dA = pdV
is the mechanical work performed by the matter during its expansion.

A thermodynamic process with dQ = 0 is called adiabatic. It is not
accompanied by the transfer of heat to or from the outside. Some special
equipment is used in laboratories to prevent heat transfer for the process
to be adiabatic. In everyday life we use a thermos or a vacuum flask for
hot or cold beverage to be stored in almost adiabatic conditions. But one
needs no thermos to make the cosmological expansion adiabatic. Indeed,
the temperature in all places in the homogeneous Universe is the same, so
no transfer of heat from one place to another occurs and the transfer of heat
to the outside is impossible because the Universe has no “outside”.

Taking this into account, the equation (2.29) reduces to

dE = d(εV) = εdV + Vdε = −dA = −pdV (2.30)

or

Vdε = −(ε + p)dV . (2.31)

If we know the barotropic equation of state p = p(ε) we can easily find its
solution

ln V = const −
∫

dε

ε + p(ε)
. (2.32)

It is especially simple to consider the case of the equation of state so popular
among cosmologists

p = wε, w = const. (2.33)

From (2.32), (2.33) and taking into account that V ∼ r3 we get

ρ = ρ0

(
V

V0

)1+w

= ρ0

(
r

r0

)3(1+w)

= ρ0(1 + z)3(1+w). (2.34)
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Here ρ0 is the density of the matter at a time when the Universe had
characteristic size r0. In relativistic cosmology this is the present moment.
Thus the density ρ depends on its current value ρ0 and the ratio of the
sizes expressed in terms of redshift. The case of dust-like matter without
pressure corresponds to w = 0. Substituting this value into Eq. (2.34) we
get Eq. (2.8) as expected.

A special case of w = −1 or p = −ε provides an interesting result.
Eq. (2.31) means that the energy density is constant in this case. Expansion
or contraction of the Universe changes neither the energy density ε nor the
matter density ρ. This case describes the cosmological constant �.

2.8 Modern Modification of the Model

2.8.1 Cosmological constant strikes back

Friedmann’s solution prompted Einstein to abandon not only the static
model of the Universe, but also the idea of cosmological constant, which he
later called the “biggest blunder of his life” according to his fellow physicist
George Gamow.h Nevertheless, other scientists working in cosmology did
not rush to abandon the cosmological constant. Although the cosmologists
were sceptical about the existence of the � term, they considered models
both with and without it. For a long time, all astronomical data could
be described without the need for a cosmological constant, but then it
changed. Astronomical observations of the recent decades confirmed the
existence of the cosmological constant and allowed to measure its value
� = 1.19 · 10−52 m−2.

Cosmological constant � can be treated like some exotic kind of
medium with constant energy density ε�, pressure p�, and matter density
ρ�, which do not change during cosmological expansion. The reason for
this constancy is a negative work against the negative pressure force which
is to keep the energy density of the Universe ε = ρc2. And the pressure

h“Thus Einstein’s original gravity equation was correct, and changing it was a mistake.
Much later, when I was discussing cosmological problems with Einstein, he remarked that
the introduction of the cosmological term was the biggest blunder he ever made in his life.
But the ‘blunder’, rejected by Einstein, and the cosmological constant denoted by the Greek
letter � rears its ugly head again and again and again.” — [Gamow, 1970].
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generated by the cosmological constant is indeed negative and characterized
by value

−p� = ε� = ρ�c2 = c4�

8πG
≈ 6 · 10−10J/m3 = 0.6 nPa. (2.35)

This means that the cosmological constant has the equation of state p� =
−ε�. This is a special case of more general equation p = wε with w = −1.

In addition, this equation of state describes antigravity or gravitational
repulsion from such medium. We observe it in the form of accelerated
expansion of the Universe with negative deceleration parameter. In the
early Universe the cosmological constant was the same as now and hardly
affected the evolution of the Universe.

There is a solution in the General Theory of Relativity called the
de Sitter metric or de Sitter solution describing the space-time without
matter, but with the cosmological constant. It has an interesting property.
The density of the medium imitating the cosmological constant remains
the same all the time: ρ� = const. So this metric describes a universe with
constant density. The de Sitter universe expands real fast and the distance
between any two test particles placed into it will increase. We describe it
in Section A.1. In some way it is like Lewis Carroll’s Wonderland, where
you must run as fast as you can, just to stay in place.

To be honest, we can not be certain that the main component of our
Universe is accurately described by the equation of state p = −ε. The real
equation of state could be similar but slightly different. So cosmologists
prefer to use a more generic name “dark energy”. Its density and pressure
can vary during cosmological expansion, but not by much according to
modern estimations. New astronomical observations each year provide
stricter restrictions on the equation of state of dark energy, but the special
case of cosmological constant satisfies these constraints so far.

In any case dark energy is a source of antigravity which provides
the accelerated expansion of the Universe observed by astronomers. Saul
Perlmutter, Brian Schmidt and Adam Riess got the Nobel Prize in Physics
of 2011 for its discovery.

The introduction of the cosmological constant changed the physical
implications of the three Friedmann’s solutions; it made the matter density
ratio alone insufficient to determine the ultimate fate of the Universe. The
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additional expanding force provided by the cosmological constant makes
it possible to have an eternally expanding closed Universe.

2.8.2 Standard cosmological model

Cosmologists use the expression “standard cosmological model” referring
to the model that most adequately describes the evolution of our Universe.
But at different times they meant different models. Half a century ago it was
three Friedmann models with some detailed elaboration made by George
Gamow. Now by these words we mean the expanding model with dark
energy or cosmological constant and practically pressureless matter, which
includes both ordinary matter and some mysterious kind of matter called
the dark matter. We will write all we know about it in Chapter 4.

The modern standard cosmological model is named �CDM model
(pronounced Lambda-CDM). Here the Greek letter � means the cosmo-
logical constant and the abbreviation CDM stands for cold dark matter.
Together these two enigmatic components provide 95 per cent of the content
of our Universe. This model explains all known empirical facts and it has no
contradictions. It is unlikely that this model will change significantly and
further advance in observational technique will only provide more accurate
values of its parameters.

We provide a detailed description of this model in Appendix A because
it is quite lengthy and contains a lot of math, although quite simple math.
It contains all the formulae and estimations of values. Here we give a
brief summary of its results using the latest observational estimations of
cosmological parameters.

The Universe was born during the Big Bang 13.8 · 109 years ago and
expanded ever since. It will either expand forever or terminate in a so-called
Big Rip, which we will tell about in Section 5.2. The Universe expands with
acceleration since its scale factor was 0.608 of the current value, which
corresponds to the redshift z = 0.645, which happened about 7.6 · 109

years after the Big Bang or 6.2 · 109 years ago.
In Figure 2.9 we show how the relative scale factor and the Hubble

constant change over time. Note that the Hubble constant is infinite at the
Big Bang and tends to a constant non-zero value at infinity, unlike flat
Friedman model.
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Figure 2.9. �CDM model. Relative scale factor u (left) and Hubble constant H (right)
vs. time since the Big Bang t.

Figure 2.10. �CDM model. Redshift z vs. time since the Big Bang t.

In Figure 2.10 we show the dependence of redshift on time. Like Hubble
constant, redshift is infinite at the Big Bang.

In Figure 2.11 we show how the density parameters of matter and dark
energy changed over time in flat �CDM model. Since their sum is fixed to
unity in this case, this plot can be also treated as mass percentage of both
components of the Universe.

Question: Which direction does the Hubble’s constant change?

Answer: In the absence of the cosmological constant, Hubble constant
would steadily decrease, as follows from Friedmann’s solution. If the
Universe contained no matter, but only cosmological constant, Willem de
Sitter’s 1917 solution yields the Hubble constant to be, ahem, constant.
In real Universe with both matter and cosmological constant the Hubble
constant also decreased, but will never vanish.
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Figure 2.11. Flat �CDM model. Density parameters of matter �m and cosmological
constant �� vs. time since the Big Bang t. Their sum is fixed to unity.

Question: If the galaxies move apart due to the expansion of the Universe,
why can’t we see this expansion within the Solar System?

Answer: The critical density of the Universe is about 5 nucleons per
cubic metre. The lowest density available in the vicinity of the Earth is
the solar wind during solar minimum, which has the density of about 8
nucleons per cubic centimetre, which is more than million times denser.
Note that such density is considered ultra-deep vacuum, unreachable in
laboratory conditions. The mean matter density in the Solar System is
by many orders higher. It is clear that the influence of the cosmological
expansion is negligible compared to such strong gravitational forces. A
reasonably accurate estimation performed in 1998 by Fred Cooperstock
and others yielded that cosmological expansion led to the increase of the
astronomical unit by one part in 1024 over the age of the Solar System,
which translates to about 150 fm, i.e. much less than the size of a hydrogen
atom.

2.9 Distances in Astronomy

Distance measurement in astronomy is performed in complicated indirect
ways. It is not uncommon to know the ratio of distances much more accurate
than their absolute values. For example, using Kepler’s law we can very
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precisely determine the ratio of orbit diameters of different planets in
the Solar System. Yet to learn the absolute values, we must measure the
distance from the Sun to at least one planet, e.g. the Earth. For this reason,
astronomers introduced a special length unit called the astronomical unit
(AU), which is equal to the mean distance from the Sun to the Earth. Parsec
is expressed through this unit. At that time astronomers knew the orbit
diameters of Solar System planets in AU much more precisely that the
value ofAU itself. Improving the accuracy of the astronomical unit (modern
estimation is 1 AU = 149 598 000 km), astronomers also improved the
accuracy of absolute distances.

For extragalactic astronomy, the role of a “ruler” was played by the
distances determined from the periods of a special class of variable stars
called Cepheids. They were used by Hubble to determine the distances to
other galaxies. Unfortunately, by that time it was unknown that there are
several types of Cepheids, and the Cepheids used to determine distances in
our Galaxy were of a different type than those observed in other galaxies.
Due to this fact, the value of the Hubble parameter obtained by Hubble
himself was about 500 (km/s)/Mpc, which is more than 7 times greater than
the current estimation (about 70 (km/s)/Mpc). As a result, the estimation of
the age of the Universe based on Hubble’s estimation of his parameter was
only a few billion years, which was less than the age of some geological
features on the Earth.

As we noted earlier, the Hubble’s law v = Hr should not be used for
extremely distant objects. The additional problem is that in curved space
distance and velocity are not as obvious as in a flat one. In particular, several
types of distance are used, which are very close for nearby objects but can
largely differ for faraway objects. And different distances correspond to
different velocities.

Is the Hubble’s law exact? Of course, it is not. The closest example is
the Andromeda galaxy, which moves towards us, i.e. its radial velocity
is negative. The Hubble’s law was obtained statistically and describes
only a part of the velocity caused by the expansion of the Universe.
Apart from it, galaxies are involved in non-Hubble motions caused by
the inhomogeneities of density or — putting it simply — fall towards the
regions with larger density. Such regions are called attractors in astronomy.
The nearest attractor is the Virgo cluster, the next one is the so-called Great
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Attractor (it received its name when other attractors were unknown) located
in the Hydra, Centaurus, Pavo, Indus, and Telescopium constellations, a bit
farther in the opposite direction lies the Perseus-Pisces supercluster, and
even farther, behind the Great Attractor, lies the Shapley concentration
located in the Centaurus constellation about 650 million light-years away.
There is no doubt that attractors exist at larger distances as well. There
are also regions with decreased densities — voids. They cause non-Hubble
motions away from them.

It is very difficult to separate Hubble and non-Hubble velocity com-
ponents, especially for nearby galaxies. Fortunately, non-Hubble velocities
are usually not too big and the galaxies at 100–200 Mpc distance follow the
Hubble’s law with good accuracy. This is the basis for the determination of
one of many distance types called redshift.

Redshift gives one of two modern complementary solutions to the
Olbers paradox. The light from distant galaxies is redshifted, which causes
its energy to decrease and its spectrum shifts to the wavelength range
invisible to human eyes.
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Chapter 3

Early Universe

3.1 The Big Bang

By the 1930s it became clear that the Universe is expanding, which exhibited
in the recession of galaxies. However, it was not as obvious at that time that
the Universe had a beginning, which we now call the Big Bang. The concept
of the Big Bang was proposed by Lemaître in 1931, and the term itself was
introduced by Fred Hoyle in 1949.a

The problem was that past values of the Hubble constant could be very
different from the modern one. If the Hubble constant was less in the past
than currently, it is possible to imagine a situation when galaxies drifted
apart to the modern state during infinite time. In other words, in such models
the Universe always existed and the Big Bang never happened. An example
of such a model is the de Sitter’s solution model for the empty Universe
with a cosmological constant. In this case the size of the Universe grows
exponentially with time without any Big Bang.

The main argument against cosmological expansion at that time was the
desire to implement the so-called ideal cosmological principle, or absolute
Copernicus’ principle. The usual cosmological principle or Copernicus’
principle states that the properties of the Universe are the same at all spatial
locations. This principle arose from the realisation that the Earth was not
the centre of the Universe and its location was not special in any way. The
ideal cosmological principle extended the same philosophy to the temporal

aFred Hoyle was opposed to the idea that the Universe had a beginning, and the term “Big
Bang” was originally used in a derogatory context.

61
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domain stating that the present epoch is no different than any other. This
desire for the perfect world combined with the lack of direct evidence for
the Big Bang at that time led to the emergence of such bizarre ideas.

Since the recession of galaxies was a well-established fact at that
time and could not be ignored, Fred Hoyle and Jayant Vishnu Narlikar
proposed a so-called steady-state model, which combined the ideas of
Einstein’s static model (nothing changes with time) and of Friedmann’s
dynamic model (the Universe expands). It described an eternally expanding
Universe with constant density. To maintain constant density, they had to
assume that the matter is created from nothing uniformly throughout the
Universe with exactly the same rate as the Universe expands. To make this
theory sound less religious, they assumed an unknown C-field (C stands for
creation) which causes the Universe to expand and converts into ordinary
matter in the process. The calculations show that the rate of creation in
such a theory should be about one hydrogen atom per cubic meter in
109 years. Cornerstone papers on steady state cosmologies were published
by Hermann Bondi, Thomas Gold, and Fred Hoyle in 1948. Curiously
enough, this theory still has a number of supporters led by one of its authors
Narlikar, who tried to explain modern cosmological data using his theory
in the 21st century. A detailed account for the development of this theory
can be found in a review by Helge Kragh [2012].

However, if the Hubble constant was greater earlier, it would mean that
the Universe’s age is overestimated, and the Big Bang was inevitable. We
deal with such a situation in all kinds of Friedmann model, where Hubble
constant decreases with time. The exact formula depends on the dominant
contents of the Universe. For the Universe filled mostly with cold matter,
i.e. objects moving much slower than the speed of light, such as stars, dust,
or interstellar gas, the expansion would be slower than for the Universe
filled with particles moving with the speed of light or close to that, such
as photons and neutrinos. In any case, in Friedmann model the Hubble
constant is infinite at the instant of the Big Bang.

The theory of the Big Bang was worked out in fine details by George
Gamow.b His theory, later called standard cosmological model, described

bBorn in Odessa, Ukraine, Gamow was a prominent scientist in the USSR, who hated
communism and made several daring attempts to escape; one of them involved kayaking
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which particles filled the Universe at each stage of its existence, what
was its temperature, how chemical elements were created, and so on.
It was the first cosmological model that was not limited to the solution
of Einstein’s equation. Since then all cosmological theories consider the
expansion of the Universe simultaneously with the evolution of its contents.
All predictions of the standard cosmological model were confirmed by
astronomical observations, the most important of which was the discovery
of the cosmic microwave background. It finally settled the argument if
the Universe was hot after the Big Bang. The alternative hypothesis that
the temperature of the Universe never exceeded the hydrogen ionisation
temperature was proposed byYakov Zel’dovich. The standard cosmological
model was described in many books, one of which — “The first three
minutes” by Steven Weinberg [1993] became a bestseller.

Question: Where did the Big Bang happen?

Answer: Everywhere. If you trace the history of any point in space, you
will inevitably end at the Big Bang. So any location is as good as another.

This question, which sometimes comes from professional physicists, is
inspired by popular science movies where the Big Bang is seen from
beyond. However, in reality there was no “beyond”, so this illustration is
confusing.

Question: Can physics explain the Big Bang?

Answer: From the mathematical point of view, the Big Bang was a
singularity. It is formally called “cosmological singularity in the past”.
The curvature of space-time tends to infinity near such point. Modern
physics lacks the theories (e.g. quantum gravitation) which describe such
a situation. However, there is a substantial hope that existing theories
can describe the Universe since one Planck unit of time (10−42 s) after

across the Black Sea during the storm in hope of reaching Turkey. He finally succeeded
in escaping in 1933 together with his wife. Since 1934 and until his death in 1968 he
lived and worked in the U.S. However, Soviet secret service did not leave him at peace,
and blackmailed his wife to spy on him threatening to kill her relatives back in the Soviet
Union. During his lifetime, he obtained three Nobel-class results: the standard cosmological
model, the theory of nuclear alpha decay, and the explanation of DNA coding with nucleotide
triplets. However, he never received the Nobel Prize.
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the Big Bang. We say “hope” because there is no way we can observe
or reproduce anything even remotely resembling such conditions, so all
such studies will be quite speculative.

Question: Why did the Big Bang occur?

Answer: It is an easy question to ask but a difficult one to answer. Most
cosmologists assume that the Big Bang was a result of some quantum
effects: a fluctuation or a tunnelling. In fact, this is just an educated way
to say “We have no idea”.

Question: How such a huge Universe with lots of galaxies could be
created as a result of quantum processes?

Answer: Let us begin with a fascinating fact that an atomic nucleus is
lighter than the protons and neutrons it consists of. Actually, this is the
only reason why nuclei exist. This phenomenon is called nuclear mass
defect (or nuclear mass deficit). The mass, according to the formula
E = mc2, decreases by the binding energy divided by the light speed
squared. This is a minor effect in the Universe, but there is another similar
effect called gravitational mass defect. The total mass of the Universe
equals the mass of its components minus the gravitational mass defect.
For the closed Universe this total mass precisely equals zero. And now it
does not seem so difficult to get something of zero mass from quantum
processes.

Question: Why are new universes not being born inside our own?

Answer: This is not a given. There are hypotheses that new universes are
being born constantly. It is quite possible that while you were reading
this paragraph, a new universe was born within a meter from you. For an
external observer such a universe would appear as an exotic elementary
particle. Moisei Markov proposed the name friedmons (after Alexander
Friedmann) for such particles.

Question: What happened before the Big Bang?

Answer: Modern science has no answer to this question.Anyone claiming
to know the answer is probably wrong. One elegant way to evade this
question is to state that time was created together with the Universe and
so there was no such thing as “before the Big Bang”.
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3.2 Cosmic Microwave Background: an Echo of the Big Bang

The question whether the Big Bang occurred was finally answered after the
discovery of the cosmic microwave background radiation (CMB, CMBR)
by Arno Alan Penzias and Robert Woodrow Wilson in 1965. Let us remind
that CMB is what plasma waves emitted during the recombination turned
to due to the expansion of the Universe. This is the oldest observable entity
in the Universe.

Moreover, this discovery also answered another question: what did the
Universe look like right after the Big Bang? The most popular hypothesis
was that the Universe was extremely hot at birth and cooled down as it
expanded. An alternative hypothesis proposed by Yakov Zel’dovich stated
that the Universe was born cold and its average temperature never exceeded
the recombination temperature of hydrogen. The latter means that it was
never filled with hydrogen plasma and, thus, CMB was never emitted. The
very fact of the existence of CMB proved that the Universe was born hot
or became hot during a fraction of a second.

At the earliest stages of its existence the Universe was very hot but
the temperature dropped during expansion. Protons and alpha particles,
which are the nuclei of hydrogen and helium, were produced rather quickly.
Together with electrons they existed in the form of high-temperature
plasma, which absorbed light and other electromagnetic radiation in the
Universe. The Universe gradually cooled and after 380,000 years after
the Big Bang its temperature reached the temperature of ionization of
hydrogen (3000 K). Slowed down electrons were able to combine with
slowed down protons and alpha particles forming atoms of hydrogen
and helium. This process is called recombination. The matter, which
filled the Universe, turned from plasma into the gaseous state. The
Universe quickly became transparent to light and remained transparent
ever since.

The thermal radiation of this period can be observed directly as CMB.
It initially had Planck spectrum, i.e. a spectrum of a black body with a
temperature about 3000 K. Since that time the Universe expanded by about
1100 times, and so did the wavelength of this radiation.

Formation of stars, galaxies and quasars was accompanied by the
reappearance of plasma induced due to their radiation. This so-called
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reionization occurred from 550 to 800 million years after the Big
Bang (z from 15 to 6.5). This reionization had a weak impact on
the CMB.

3.2.1 CMB discovery

Penzias’ and Wilson’s discovery of the CMB was unintentional. They
worked in Bell Labs on a purely engineering project, which was an
early attempt to transmit radio waves via a satellite. Unlike modern
telecommunication satellites, which receive radio communication from the
ground and then broadcast it through transponders, the Echo satellite they
were working with was a passive reflector. In fact, it was just a 100-feet
inflatable metallised polyethylene ball floating in space. The reflected signal
was so faint that Penzias and Wilson had to use the most sensitive antenna
available at that time and to remove any possible interference. In addition
to standard methods they cooled the receiver with liquid helium to 4 Kelvin
to remove any thermal noise. However, the processed data clearly showed
a faint but stable and mysterious noise with the amplitude 100 times higher
than expected. This noise was present at any time of the day and was
uniformly distributed over the celestial sphere. Its estimated wavelength
of 7.35 cm did not match any known ground or space radio source. No
double-checking of the equipment or removal of bird nests and droppings
did nothing to this mysterious noise.

Puzzled Penzias asked his friend Bernard Burke for advice. Burke
introduced him to his fellow theoreticians Robert Dicke, Jim Peebles
and David Wilkinson from Princeton University, who realized the true
meaning of these results. It is ironic that Penzias and Wilson used a
radiometer developed by Dicke specifically for searching CMB. Dicke’s
anecdotic response to Penzias’ report was ‘Boys, we’ve been scooped’.
Penzias’ and Wilson’s paper entitled “A Measurement of Excess Antenna
Temperature at 4080 Mc/s” was awarded the Nobel Prize in Physics
of 1978.

Curiously enough, Penzias and Wilson were not the first ones to
discover CMB. In fact, it was first discovered in 1941 by Andrew McMillan
and then later in 1957 by Tigran Shmaonov, however neither of them
realized the importance of their results. Some historians of science argue
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that there were even earlier discoveries (see e.g. [Assis and Neves, 1995]),
the oldest dating back to the 19th century.

This story illustrates the importance of the collaboration between
theoreticians and experimenters — or basic and applied researchers if you
will. Had not Burke shown Penzias the pre-print of Peebles’ paper, this
discovery would just collect dust in the archives, and the Nobel Prize would
go to Dicke, Peebles and Wilkinson.

3.2.2 CMB anisotropy

Further studies of CMB revealed that it was not as uniform as originally
thought. Martin Rees and Dennis Sciama in 1968 and Rashid Syunyaev
and Yakov Zel’dovich in 1969 theoretically derived two different mech-
anisms leading to its anisotropy.c In 1977 George Smoot with colleagues
experimentally measured a dipole component of the CMB anisotropy using
a differential radiometer onboard the U-2 high-altitude reconnaissance
aircraft.

What is dipolar asymmetry? Imagine you are standing outdoors on a
windless day. You do not feel the air pressure because it comes equally
from all directions, i.e. is isotropic. Now you start moving forward and
you can clearly feel increased pressure from the front and reduced pressure
from behind, because molecules hit stronger and more frequently from
the front than from the back. This is dipolar asymmetry — there is a
direction in which some quantity changes, but does not change in any
perpendicular direction. More complicated is quadrupolar asymmetry. You
can induce it by putting two similar fans, which blow towards your front
and back.

This dipolar asymmetry is due to the proper motion of the Earth, which
includes its rotation around the Sun, Sun’s rotation around the centre of
the Galaxy, Galaxy’s peculiar motion with respect to the Virgo cluster and
other density enhancements called attractors in astronomy. This motion
causes Doppler Effect, which increases the apparent temperature in the
direction of the Earth’s motion, and decreases it in the opposite direction.
This asymmetry has nothing to do with the CMB itself, but only with our

cAnisotropy is an absence of isotropy, i.e. a dependence of some value on the direction.
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reference frame. So we can switch to a different reference frame where
the dipole component of the CMB vanishes. In this frame the Sun moves
towards the Leo constellation at 371 km/s. Today all cosmological data are
converted to this reference frame.

Thus, Galileo’s principle of relativity, which states that the laws of
motion are the same in all inertial frames, was undermined, since now we
have a reference frame which is somehow “better” than any other frame
moving with a constant velocity with respect to it. In a certain sense this
could be viewed as a resurrection of æther theory, which postulated that a
frame, in which æther would be stationary, was preferred. This, however,
does not imply that we should fall back to the æther theory, which is wrong
on a fundamental level.

3.2.3 Bringing cosmology to space

A new principal advance in CMB studies was caused by the use of space-
craft. At that time astronomy already ventured into space by using space
observatories. Taking astronomical instruments beyond the atmosphere
killed two rabbits with one shot. In the spectral bands where the atmosphere
is transparent, for example in the visible light band, it removed the impact
of atmospheric turbulence and similar effects. These effects are the reason
why stars flicker. Before the space age, astronomers countered it by building
telescopes high in the mountains. But the greatest benefit from space
astronomy comes from the ability to observe in spectral bands, in which the
atmosphere is opaque. The main such bands are infrared (IR), ultraviolet
(UV), X-ray, and gamma-ray. It is possible to conduct IR observations
from the ground in the Antarctica due to low temperatures and significant
altitudes (a few kilometres above sea level).

In the case of CMB none of these advantages was crucial. The source
of the problem was the extremely weak anisotropy of the CMB. Today
we know that its typical scale is about 10−4 Kelvin. To measure such fine
variations, it is necessary to remove all other sources which could radiate
at 7.35 cm wavelength. Unfortunately, the atmosphere itself, as well as
most bodies at room temperature or below that, radiate significantly at this
wavelength. To minimize their influence, cosmologists put their instruments
on high altitude balloons, but those could measure only a small portion of
the sky at a time.
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The first CMB detector in space was the Relikt-1d experiment onboard
the Soviet spacecraft Prognoz-9 launched in 1983. Unfortunately, it lacked
the sensitivity and measured the flux at a single frequency 37 GHz (8 cm
wavelength). For this reason, processing of its data took a lot of time.
Regardless, they set an upper limit on the anisotropy level.e Meanwhile,
in 1989 a dedicated COBE (COsmic Background Explorer) spacecraft was
launched by a team led by George Smoot and John Mather. In fact, it carried
a modified version of the same differential radiometer flown onboard the
U-2. The first 15 minutes of its operation gave more information about
CMB spectrum than all ground-based observations ever. In particular, it
finally established that the CMB spectrum is a Planck one.f It also detected
anisotropy of CMB, the level of which was very important to model the
early Universe.

Despite the 6 years’difference in the launch date, the results of these two
experiments were published almost simultaneously: COBE in April, and
Relikt-1 in May 1992. The original Relikt-1 results contained no anisotropy
and just constrained its level. However, after COBE results became known,
the Relikt-1 team hastily published new results, which contained anisotropy.
Ironically, both Relikt-1 papers appeared in the same issue of the Monthly
Notices of Royal Astronomical Society, which caused certain scepticism
on their account.

The results of COBE were deemed so important that a new more
advanced spacecraft WMAP (Wilkinson Microwave Anisotropy Probe)g

was launched in 2001. It confirmed all the results from COBE at much
higher accuracy. In 2006 the two principal investigators of the COBE
mission — George Smoot and John Mather — were awarded the Nobel
Prize in Physics. COBE and WMAP data were pivotal in the change of our
understanding of the Universe.

dRelikt is a shortened form of a Russian term for CMB.
eCMB temperature like any other quantity can be represented as a sum of an isotropic
and an anisotropic component. Anisotropy level is a ratio of a magnitude of an anisotropic
component to the total value of this quantity.
fI.e. the spectrum a black body with the same temperature would have.
gOriginally called Microwave Anisotropy Probe (MAP); the word Wilkinson was added
later in honour of David Todd Wilkinson, who passed away on the second mission year.



December 1, 2017 15:28 How the Universe Works - 9in x 6in b2908-ch03 page 70

70 How the Universe Works: Introduction to Modern Cosmology

In 2009 Planck spacecraft dedicated to CMB study was launched. It
was far more advanced than WMAP, let alone COBE. Compared to WMAP
its sensitivity increased tenfold, and its angular resolution increased thrice.
The number of spectral bands also increased. It confirmed the results of
COBE and WMAP with an exception of a somewhat lower estimation of the
Hubble constant — 67.80±0.77 (km/s)/Mpc vs. 69.32±0.80 (km/s)/Mpc
provided by WMAP. This led to a revision of the values, which depend on
the Hubble constant, or are measured in a combination with the Hubble
constant. The map of temperature fluctuationsh (after the removal of dipole
component and galactic sources) observed by Planck is given in Figure 3.1
in a colour inset.

3.2.4 Ground studies of the CMB

Successful CMB observations from space are supplemented by ground-
based research. While they cannot cover the whole sky, they benefit from a
better angular resolution.

Prior to WMAP launch, in 1998–1999 the MAXIMA (Millimetre
Anisotropy eXperiment IMaging Array) experiment was performed.
It represented a stack of bolometers,i installed on a high-altitude balloon.
Both of its two eight-hours-long flights were performed at an altitude of
40 km. Its angular resolution was 10 arcminutes; for comparison WMAP’s
angular resolution varied from 13.2 to 52.8 arcminutes depending on the
frequency band. The receivers were cooled to 0.1 Kelvin with a four-layer
cooling system: liquid nitrogen on the outside, liquid helium-4 in the two
intermediate layers, and liquid helium-3 in the innermost layer. In 2000
this experiment provided the most accurate measurements of small-scale
fluctuations of CMB, although in a small sector of the sky. In particular,
MAXIMA data yielded the value of 4 per cent for the abundance of ordinary
matter in the Universe, which matched the predictions of the standard
cosmological model. The current estimate is slightly larger approaching
5 per cent.

hFluctuations are variations of the value of some physical parameter at different points in
space or time. In our case they mean the difference in the measured CMB temperature in
different directions in the sky due to accidental causes.
iA bolometer is an instrument measuring the energy of incident electromagnetic radiation.
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Another relevant experiment from the same era was called
BOOMERANG (Balloon Observations Of Millimetric Extragalactic Radi-
ation ANd Geophysics). This experiment also involved a balloon, which
floated above the Antarctica for 10 days and studied CMB. This experiment
confirmed that the Universe was spatially flat and will expand forever.

Apart from balloons, some ground-based studies were performed in
Antarctica. One of the most successful was DASI (Degree Angular Scale
Interferometer) experiment, which detected and measured for the first time
the polarisation of the CMB. Later another experiment QUaD (Q and U
extragalactic sub-millimetre telescope at DASI) resumed these studies from
the same site. Planck spacecraft also measured the polarisation of CMB.
A full list of CMB observations is available at the NASA website dedicated
to cosmology http://lambda.gsfc.nasa.gov/ and on Wikipedia under a topic
“List of cosmic microwave background experiments”.

3.2.5 CMB fluctuations spectrum

What is the reason for CMB temperature fluctuations? Cosmologists assume
that the Universe was almost totally homogeneous after the Big Bang.
However, as Evgeniy Lifshitz once showed, the expanding Universe is
unstable and small fluctuations grow with time following a power law. This
applies not only to density fluctuations, but to temperature and velocity
fluctuations as well. Naturally, all these fluctuations are connected with
each other. Density enhancements attract nearby matter causing velocity
fluctuations. This falling matter further increases density contrast.

In 380 thousand years, which passed from the Big Bang to the emission
of CMB, relative fluctuations remained very small — by the order of a few
tens parts in a million. These are the fluctuations we observe as temperature
variations of the CMB. Thus, CMB is a sort of a photograph of the early
Universe.

The main result of these numerous experiments is the power spectrum
of the CMB temperature fluctuations, given in Figure 3.2, which combines
available space-based and ground-based data. The position and shape
of each peak and valley on this power spectrum depends on different
cosmological parameters. For example, the position of the first peak, called
the acoustic peak, is directly connected with the spatial curvature of the Uni-
verse. Most of the cosmological parameters are determined from this plot.



December 1, 2017 15:28 How the Universe Works - 9in x 6in b2908-ch03 page 72

72 How the Universe Works: Introduction to Modern Cosmology

Figure 3.2. Power spectrum of temperature fluctuations of CMB radiation. Dots represent
experimental data, and a line is a fitted theoretical curve.

After CMB was emitted these fluctuations evolved further, eventually
forming the large-scale structure of the Universe, and rapidly reached
almost 100%. Indeed, even on the Solar System Scales the majority of
the mass (99.86% to be precise) is concentrated in the Sun, and the
interplanetary space is almost empty. On the galactic scale most of the mass
of baryonic matter is contained in interstellar gas, but the density of the stars
is still much higher. Galaxies are much denser than the intergalactic space.
On bigger scales galaxies form clusters and voids. On the largest scales
matter forms a cellular structure.

Thus, all modern galaxies, their clusters and larger structures evolved
from fluctuations in young Universe. We have maps of both, so it seems
desirable to compare them. Unfortunately, this is not possible, because
they are strongly separated in time. CMB fluctuations we observe produced
structures, which are too far from us to see — its light couldn’t reach us
yet. Likewise, the fluctuations, which gave birth to the structures we know,
could be observed only from very remote areas of the Universe.

3.2.6 Conservation of energy

One of the fundamental results of the quantum theory is that a photon’s
energy is proportional to its frequency. Therefore, as the Universe expands
and the photon’s wavelength expands its frequency and thus its energy
drops. For example, a photon emitted during the recombination lost most
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of its energy before it was detected as CMB. Could it be that the energy
conservation law is violated?

At some point in the past it was hypothesized that energy is not
conserved in cosmology. However, this is not the case here since Einstein’s
equation includes the energy conservation law, so any of its solutions must
also conserve energy. It should be noted that a photon is a quantum entity
and General Relativity and quantum theory do not go well together. This
could potentially cause problems, but we demonstrate that there are no
problems in this particular case.

Consider a unit volume filled with photons at the epoch with redshift z.
Since then its volume increased by (1+z)3 times and the number of photon
remained the same, so the photon density reduced by (1 + z)3 times.
At the same time, their wavelength increased by 1 + z times, therefore
the frequency and energy of each photon reduced by 1 + z times. Thus,
the energy density decreased by (1 + z)4 times. This is exactly what
Eq. (2.34) predicts: ε = ε0(1 + z)3(1+w), which gives ε = ε0(1 + z)4 for
electromagnetic radiation with w = 1/3.

However, the energy of each photon does decrease by a factor of 1 + z,
so they must perform some work. To explain this let us recall that w = p/ε

as defined in Eq. (2.33). So, a non-zero value of w implies that work should
be performed against pressure — much like a gas expanding in a cylinder
performs work by pushing the piston. Very roughly it can be said that this
energy was transferred to the gravitational field. But there are no pistons
to push in the Universe and photons do not collide with each other. Where
does the pressure come from, you might ask? This can be illustrated in a
following way.

Note that each unit volume is surrounded by similar indistinguishable
volumes, all being in thermodynamic equilibrium. This means that the
number of photons entering or leaving any given volume at any time is
the same on the average. So it doesn’t matter if one photon leaves this
volume and another photon enters it, or the same photon bounces back into
the same volume. Thus, we can consider that we have one expanding cell
surrounded by rigid elastic walls (mirrors).

Whenever an object undergoes an elastic collision with a moving wall,
its kinetic energy changes — an effect routinely utilized by tennis or ping-
pong players. If a wall moves away from the object — the object’s energy
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decreases; if it moves towards the object — the object’s energy increases.
The same applies to photons. Since they cannot move slower or faster than
the speed of light, they change their energy by changing their wavelength.
Thus, the energy of an individual photon will decrease with each reflection
and its wavelength will accordingly increase. This gives the factor of 1+ z.
This is closely related to the Doppler effect.

This is an important result which allows us to use the concept of photons
in cosmology without violating fundamental physical laws.

3.2.7 Speculations

Both scientific journals and mass media sometimes publish sensational
statements on CMB. For example, a 2008 paper by Armando Bernui,
which appeared in Physical Review D, claimed that CMB maps produced
by WMAP contained a north-south asymmetry, and this asymmetry was
present in raw data. A 2005 Physical Review Letters paper “The axis
of evil” by Kate Land and João Magueijo discussed the coincidence
between the quadrupole and octopolej axes with the plane of ecliptic,
e.g. Earth’s orbit around the Sun. The latest statement was especially
worrying, because it suggested systematic errors in the methodology.
This paper gained a lot of popularity and received several hundred
citations in scholarly literature. Another problem with the quadrupole
component was discussed by cosmologists without involving the press.
The thing was that its value appeared to be less than predicted by �CDM
cosmology. However, this small value can be explained by random factors.
Its estimation is statistical in nature and we deal with a unique Universe,
which could produce a quadrupole component several times less than the
mean value.

The most extravagant conclusion was made by an American mathe-
matician Jeff Weeks, who, having analyzed WMAP data, speculated that the
Universe had a shape of a dodecahedronk with a span of 6 ·1010 light years.
His study was published in Nature in 2003 and widely cited afterwards.

jThe first 4 spherical harmonics are commonly called monopole (l = 0), dipole (l = 1),
quadrupole (l = 2), and octopole (l = 3).
kA dodecahedron is a polyhedron with 12 pentagonal faces.
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A 2010 e-print by Vahe Gurzadyan and Sir Roger Penrose claimed that
the CMB map produced from WMAP data contained concentric circles,
which they declared to be signals from the previous Universes. This article
received a lot of criticism, also in the form of e-prints. Their authors claimed
that WMAP data contained no circles. One of them even claimed that one
could find Stephen Hawking’s initials spelt over the CMB map at the same
confidence level.

Question: The current CMB temperature is 2.725 Kelvin. What did it
equal in previous epochs?

Answer: Each epoch is characterized by its redshift. Planck spectrum
depends on the product of wavelength and temperature. Wavelengths
expand together with the Universe. They increased since the epoch with
redshift z by (1 + z) times, therefore the temperature decreased by the
same amount of times. Thus, the CMB temperature at any epoch with
redshift z equals 2.725 × (1 + z) K. At the recombination epoch with
z = 1088, we get the temperature 2967 K.

3.3 Evolution of the Early Universe∗

In this Section we consider the expansion of the early
Universe soon after the Big Bang, which corresponds
to very small values of r.

We can neglect the term A in comparison with a much larger term
8πGB/2r in (2.12) and get

t ∼
∫ √

rdr ∼ r3/2, r ∼ t2/3. (3.1)

Naturally, this is fully consistent with equation (2.19). Expending some
effort, one can make sure that more complex equations (2.20) and (2.21)
also have such asymptotical behaviour at u → ∞.

Thus, immediately after the Big Bang the Universe expanded according
to the law r ∼ t2/3 for each of the three possible scenarios. The Hubble
constant started from the infinitely large value and decreased according to
the law H ∼ t−1/3. In open and flat models, it is always positive with H

tending to zero at large t in the flat model, and to some positive value in the
open model. In the closed model the Hubble constant becomes zero at some
point and the expansion is replaced by the compression of the Universe.
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Everything ends in a Big Crunch after a finite time interval from the initial
Big Bang. The Hubble constant tends to minus infinity at the Big Crunch.
We see that the evolution of the early Universe is practically the same for
all possible scenarios.

3.4 Cosmological Horizon

A cosmological horizon is the maximum possible distance to the astronom-
ical objects we can see in the sky or get any information from by any means,
including gravitational or electromagnetic waves or flows of any particles.
Any signals from more distant objects cannot reach the Earth during the
existence of the Universe. The existence of the cosmological horizon is
the result of two factors, namely the finiteness of the speed of light and the
existence of the Big Bang.

One should understand that the farther the object is, the longer its light
has to travel, and we observe it at an earlier stage of existence. Thus, the
farthest of the theoretically observable objects should have emitted light at
the same time the Universe was born. This light would travel for 13.8 · 109

years before reaching us, but due to the expansion of the Universe these
objects are now at the distance, which is not 13.8 · 109 light-years, but
three times greater, i.e. about 40 billion light-years. The corresponding
calculation is given in Section 3.5. More distant objects can not be seen
at all. It is said that such objects lie beyond the cosmological horizon —
the edge of the observable part of the Universe. A hypothetical observer
located beyond the cosmological horizon can not receive any information
about us as well. This is another solution for the Olbers paradox: we can
observe light only from objects in the observable part of the Universe with
finite yet very big number of stars.

The cosmological horizon is the farthest distance from which light
reached us. Recalling Section 1.2, we see that it is exactly the edge of our
light cone in the past, shown in Figure 3.3. Everything bounded by the
cosmological horizon is our absolute past, and everything beyond it is the
external region. Naturally, we can get any information only from within
the light cone. In contrast to Figure 1.5, we deal not with a flat Minkowski
space-time, but with a real Universe, which has a clear time boundary in the
past — the Big Bang. In Figure 3.3 time is plotted along the vertical axis
with the current epoch at zero, and the Big Bang at minus 13.8 · 109 years.
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Figure 3.3. The cosmological horizon.

Along the horizontal axis we plot radial distance. Since we are interested
in qualitative, not quantitative analysis, we apply variable scaling to the
horizontal axis, so that the edge of the light cone is a straight line. From
this plot we can make three important conclusions. The first one is that the
cosmological horizon is finite. The second is that it increases with time and
objects, which are outside of it, will be eventually engulfed in it. The third
conclusion is that we see distant objects at earlier stages than the close ones,
as their current state lies in the external region.

On the cosmological horizon in each direction we should have observed
the instant of the creation of the Universe, because the light from it would
travel to us for precisely the age of the Universe. However, at the earliest
stages of its existence the Universe was filled with plasmas and thus was
opaque. So, the oldest thing we can observe in the Universe is the light
emitted during recombination, i.e. CMB.

The importance of the cosmological horizon is due to the fact that we
can see only a part of the Universe bounded by it. This makes a question if
the Universe is finite or infinite purely philosophical, because we can never
learn what happens beyond it.
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3.5 Distance to the Cosmological Horizon∗

In this Section we estimate the distance to the cosmo-
logical horizon for Friedmann models.

The age of the Universe is about T = 13.8 · 109 yr as given by the
�CDM model. A quantum of light — a photon — emitted at the Big Bang
and not absorbed or scattered since travelled a distance of 13.8 · 109 light
years. However, this is not the distance to the cosmological horizon. The
reason is that the areas that the photon has passed long time ago grew
in size since it passed them due to the expansion of the Universe. This
is particularly important for regions covered by the photon early on soon
after the Big Bang. For these cases, we can use the equation (3.1). Any time
interval dt for which the photon travelled when the age of the Universe
was t translates into a space interval cdt, which due to the cosmological
expansion increased to (T/t)2/3cdt at present time. Here T is the age of the
Universe and we use (3.1) to estimate the expansion rate. The total distance
covered by a photon at present time is equal to

L = c

∫ T

0
(T/t)2/3dt = 3cT. (3.2)

This value is close to 4 · 1010 light years. This is the estimated distance to
the cosmological horizon. The actual distance is smaller due to the opacity
of the early Universe before recombination and the CMB, which was the
first light in the Universe. This is the farthest thing we can see. There
is still a possibility that one day we will be able to detect gravitational
waves emitted before recombination, but no one can be sure of it at
this point.

3.6 Inflation of the Universe

The word inflation is familiar to any modern human. It is commonly
confused with devaluation. These two terms are related but not equal.
Devaluation is the reduction of the purchasing power of money, and inflation
is the increase of the money supply.

In the young Universe, when there was no money, the Universe had
to inflate itself instead. Speaking more seriously, inflation is a period of
time from about 10−36 s to 10−33 s after the Big Bang, during which the
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Universe expanded by at least 1026 times. In the following 13.8 · 109 years
the Universe expanded by about the same factor. Note that the numbers
given are somewhat randomly chosen, as we have no way to learn what
happened before the end of inflation.

The inflation of the Universe does not follow from any physical theory.
Inflation is not described by the standard cosmological model. Moreover, we
do not have — and we will not have anytime soon — any direct evidence
it ever happened. Still, most serious cosmologists gladly embraced this
theory, which emerged in late 1970s – early 1980s.

By early 1980s cosmology became quite different from the cosmology
in times of Hubble and Gamow. First of all, it became an exact science.
The improvement in accuracy was caused by a significant progress in
astronomy, which used more and more powerful ground-based telescopes,
new observation and data processing techniques. The times when most
answers were qualitative have been left in the past. The accuracy to an
order of magnitude was no longer satisfactory. The typical accuracy became
about a few tens per cent. In the 21st century this progress went on. In the
first decade after the millennium the error margins on the cosmological
parameters became less than ten per cent. Today, these errors are just about
a few per cent.

This improvement of accuracy also increased the requirements to
cosmological models, which had to satisfy a greater number of harsher
constraints. In late 1970s this increased accuracy put old Gamow’s standard
cosmological model in front of several serious independent problems with
explaining experimental values.

The first problem was the problem of flatness of the Universe. It
emerged as soon as first data on CMB anisotropy became available;
prior to that, astronomers had no reliable means to measure the spatial
curvature. In some way the question about the spatial curvature of the
Universe was the question about the ratio of matter density to critical
density (dark energy was not considered at that time), which is called matter
density parameter and denoted as �m = ρm/ρcrit.l Flat model corresponds
to �m = 1 and this value should not change with time. Closed model

lToday it is more correct to speak about total density � = �m + ��, where �� is the
density parameter of dark energy.
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corresponds to �m > 1, and open model — to �m < 1. An important
fact is that Friedmann’s solution, which is central to Gamow’s theory, has
the following property: any deviations of �m from unity grow with time.
Correspondingly, for a closed model �m becomes even greater, and for an
open one it becomes even less. The observational constraints on �m were
provided by estimating the mass of galaxies (floor value), and by a simple
fact that the Universe was still expanding (ceiling value). The obtained range
of the �m parameter appeared to be quite broad, but they yielded that its
value one Planck unit of time after the Big Bang could not differ from unity
by more than 10−59, regardless of the sign of this difference. Naturally,
cosmologists wondered how this could happen. Random coincidence was
out of question, so there should have been some mechanism, which adjusted
the matter density to the critical density. Such fine tuning was absent
in the standard cosmological model, although it should have been its
important part.

The second problem was due to high isotropy of CMB. At that time its
anisotropy was not yet discovered, but it was clear that it should be very
faint (after the exclusion of dipole component), less than one part in 1000.

CMB was emitted when the Universe was about 380,000 years old.
All the fluctuations of matter density or temperature after this point could
not significantly affect the CMB. But the fluctuations before could slightly
change the temperature and speed up or slow down the time of hydrogen
recombination.

Consider the areas where the CMB was emitted. They were located on
a surface, which is called the surface of last scattering. It follows from
Friedmann’s solution that two such areas on the opposite sides of the
celestial sphere could not be causally linked, which means that processes
going on in one area could not affect the other one in any way. The
estimated size of causally linked areas on the CMB map should be about
one degree wide (see Figure 3.4). Nevertheless, high correspondence of
CMB at much higher angular distances testifies that physical processes in
these areas flowed in almost the same way. This puzzled the cosmologists of
that time.

The third — and the least important from our point of view — problem
was the lack of exotic objects, which should have been born together with the
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Figure 3.4. A size of a causally linked region in the recombination epoch in the case
without inflation (not to scale).

Universe. One example of such object is the magnetic monopole predicted
by Grand Unification Theory,m which was popular at that time.

The inflation theory provided an elegant solution to all these problems.
Its main idea was that at a very early stage of the Universe’s existence
there was some factor, which acted as an effective cosmological constant.
During that time the Universe was described by the de Sitter’s solution and
exponentially expanded. In a mere fraction of second it managed to inflate
by a huge factor. After that this factor vanished as the Universe continued
to evolve in a standard way. Nevertheless, this idea allowed solving the
three problems mentioned above, as well as some others like the problem
of anomalously high entropy of the Universe, which manifests in a large
number of photons per baryon.

The first problem was solved by the property of de Sitter’s solution,
which reduces the deviations of �m from unity with time so no fine

mGrand Unification Theory is a fancy name given to a theory in particle physics, which
tried to combine electromagnetic, weak, and strong interactions into one.
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tuning was necessary. During that period the Hubble’s constant was almost
constant.n As a result, the Universe could have been created with any value
of �m, but the inflation made it very close to unity — at least 1052 times
closer actually.

To deal with the second problem, let us make simple calculations.
Assume that the Universe expanded 1026 times during the inflation, and
another 1026 times after it. In total it expanded 1052 times. The size of the
observable Universe is 4 ·1010 light years, which equals 3.8 ·1026 m. Thus,
right before the inflation the size of the observable part of the Universe
was about 10−26 m; much smaller than a nucleus. Assuming Friedmann’s
solution before the inflation,o we obtain that by the beginning of inflation
at time t1 the light from the Big Bang travelled 3ct1. This by definition
is the radius of the causally linked region. During the inflation, the space
expanded 1026 times, but the photons also moved at speed of light with
respect to surrounding space. Calculating this, we get that by the end of
inflation, the size of this region became more than 1 metre.p Thus, all points
in the observable Universe are causally linked.

This also solves the third problem: any exotic objects appearing in
the sphere with radius about 10−26 m before the inflation are now scat-
tered across the whole observable Universe, which makes their detection
unrealistic.

3.6.1 Inflation models

Naturally, cosmologists could not walk past a theory, which solved most
of their problems in one shot. The first version of the inflation theory
was proposed in 1980 by an American physicist Alan Guth. His theory
had several drawbacks; in particular it predicted strong density variations.
Another version of this theory, devoid of such problems, was proposed
in 1982 by a Russian physicist Andrei Linde and independently by
American physicists Andreas Albrecht and Paul Steinhardt. This theory

nLet us remind that in Friedmann’s model Hubble’s constant changes with time.
oWe have no idea which metric the Universe had before the inflation. However, the qualitative
result will hold for any reasonable assumption.
pActually, the 1026 inflation factor was determined from the condition that the causally
linked region was larger than the observable Universe.
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was later improved by Aleksey Starobinsky, Stephen Hawking, Vyacheslav
Mukhanov, Gennady Chibisov and other scientists.

The main question, which had to be solved for the inflation theory, was
to determine the factor, which played the role of an effective cosmological
constant during the inflation. Like a classical Einstein’s cosmological
constant, this factor should have provided an additional energy density
of the Universe. During the inflation this density almost did not change. As
we demonstrated in Section 2.7.4, for the real cosmological constant this
density is strictly constant. But, in contrast to Einstein’s � term, this factor
should have vanished by the time inflation has ended. Different factors can
be considered, which will have almost similar observational signatures.
This is because inflation is very effective at covering its tracks, so it is very
difficult to determine its cause. Thus, the main differences between various
inflation mechanisms are manifested in the way the Universe escaped this
phase.

The very first variant of inflation proposed by Guth suggested that the
early Universe transited from a “false” vacuum to a “true” vacuum with
lower energy density and stays in this “true” vacuum ever since. More
precisely, the picture looks a bit more complicated. Right after the Big
Bang, the Universe stayed in a state with minimal vacuum energy density.
As it expanded and cooled down, a new state appeared with lower vacuum
energy density. Then the Universe transited to this new state. We illustrate
this with an example where “false” and “true” vacuums differ by a value of
some unknown scalar field.q

Let us illustrate the concept of “false” and “true” vacuum with a simple
analogy. Imagine a pond filled with water with a trench nearby. The bottom
of the pond is higher than the bottom of the trench. Therefore, water’s
potential energy would be lower in the trench than in the pond. Here water
represents the Universe, a pond represents a false vacuum state, and a trench
represents a true vacuum state. There is some elevated piece of land between
them (dam), which prevents the water from simply flowing from the pond
to the trench. However, water can either slowly leak through the dam,
or break through it. In the first case, the transition is slow and gradual,

qA scalar field is a field of a scalar value, which has a value, but doesn’t have a direction,
e.g. temperature.
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and in the second case, the transition is sudden and rapid. In both cases,
if there is at least a weakest leakage or a slightest chance of breaking
through, after long enough time all the water will appear in the trench. In
exactly the same way our Universe can transit from a false vacuum state to a
true one.

Let vacuum energy density W depend on some scalar field ϕ. Let
the function W(ϕ) be symmetric with respect to ϕ, i.e. W(ϕ) = W(−ϕ).
The shape of this function depends on the temperature. At extremely
high temperatures this function looks like the one shown in Figure 3.5.
It qualitatively resembles a parabola and has one global minimum
at ϕ = 0.

As temperature lowers (but it’s still hotter than hellr), this function can
change so that the global minimum corresponds to a non-zero value of ϕ.
Due to symmetry, the value −ϕ will also be a global minimum. There are
two different ways how this can happen: either through quantum tunnelling
or classically, shown in Figures 3.6 and 3.7 respectively. In the first case the
initial minimum ϕ = 0 remains a minimum and the Universe has to tunnel
to a new state as there is a potential barrier. In the second case the initial

Figure 3.5. Vacuum energy in a scalar field. The Universe rests in the global minimum.

rA physically sound estimation of temperature in hell is available at https://www.
lhup.edu/∼dsimanek/hell.htm
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Figure 3.6. Vacuum energy in a scalar field. The Universe rests in the local minimum. It
can tunnel into either of the global minima.

Figure 3.7. Vacuum energy in a scalar field. The Universe unstably rests in a local
maximum and classically slides into either of the global minima.

minimum becomes a local maximum and the Universe can slide towards
either global minimum.

Another version, which appeared later [Linde, 1990], was built around
the assumption that the Universe was born with a massive scalar field, which
slowly decayed during the inflation. It acted on space-time similarly to a
cosmological constant. The slowness of its decay was maintained by the
rapidness of the expansion of the Universe and was described by a relevant
solution of Einstein’s equation.



December 1, 2017 15:28 How the Universe Works - 9in x 6in b2908-ch03 page 86

86 How the Universe Works: Introduction to Modern Cosmology

Naturally, other causes for inflation were considered as well, including
rather exotic ones. Some elementary particles theories predict that our
space-time has more than four dimensions, and the extra dimensions cannot
be detected experimentally. One of the most popular of these theories
called M-theory predicts eleven dimensions, of which seven are hidden.
Its proponents speculate that during the inflation the Universe expanded
exponentially in three usual spatial dimensions and exponentially shrank in
other seven spatial dimensions. These processes were related to each other
and lasted until the extra dimensions compactified. This term means that
the size of the Universe in these dimensions became so small that the very
existence of these dimensions cannot be detected. Strictly speaking, the
size of the Universe along these dimensions became less than the so-called
Planck length, which is about 1.6 · 10−35 m. It is believed that modern
physics does not apply to scales beyond the Planck scales.

The first analogy that comes into mind is a sponge or a similar soft
body, which is compressed until it becomes almost flat. However, this is
a misleading analogy, as the Universe, in contrast to the sponge, has no
edges — even if it is finite. A more appropriate analogy would be a sheet
of paper, which is a two-dimensional object. But the same sheet rolled in a
narrow enough tube is effectively one-dimensional. One of its coordinates
became cyclic and compactified. According to the M-theory, the Universe
curled up in the same way in seven dimensions.

Note that the quantitative characteristics of inflation given in the
beginning of this Section are based on specific inflation models and can
not be verified experimentally (not exclusively for lab safety reasons). For
example, in the theory with massive scalar field inflation started outright,
because the Universe was already born into this stage. Therefore, these
values can vary by many orders of magnitude. However, this is no big deal,
as the main advantage of the inflation theory is its very idea, not fine details.

Question: It seems intuitively that the huge matter density right after
the Big Bang should have caused extremely strong gravitational redshift.
Could one treat inflation as a result of rapid acceleration of time?

Answer: Indeed, gravitational redshift actually exists. As we explained
in Subsection 1.2.3, time runs slower on the first floor than on the second
floor. But uniform Universe has no first and second floors, and time flows



December 1, 2017 15:28 How the Universe Works - 9in x 6in b2908-ch03 page 87

Early Universe 87

at the same rate in all points, since the gravitational potential is the same
everywhere. Generally, it is the gradient of the gravitational potential, and
not its constant value, which causes gravitational redshift. Besides, any
solutions based on General Relativity include all such effects.

3.7 Multiverse and the Anthropic Principle

Let us make an additional estimation. Although we have no reasons to
assume any specific size of the Universe before the inflation, let us make
a wild guess and declare it to be 1 millimetre. It exceeds the size of the
observable Universe at that epoch 1023 times. Therefore, the Universe
contains (1023)3 = 1069 parts with the same volume as the one which later
evolved into our currently observable Universe. This means that today the
Universe contains 1069 causally unlinked parts, which cannot be observed
from each other. Even if we took a smaller size, for example 1 nanometre,
we would still get a huge amount of independent parts of the Universe (1051

in our case).
Such speculations led to an idea that the Universe could actually

contain a large number of independent parts. To describe this idea, the
word “Universe” was replaced with words “Multiverse” or “Omniverse”.
One of the earliest mentions of this idea was made by Polish sci-fi writer
Stanisław Lem, who used the term “Poliversum”.

Interesting results were obtained by combining the ideas of inflation
and spontaneous symmetry breaking. The latter idea, which brought the
2008 Nobel Prize in Physics to Yoichiro Nambu, lies in the field of particle
physics and is directly related to the Higgs boson, purportedly discovered
by the Large Hadron Collider Team.

Let us give a very brief description of this idea. Usually, physicists
consider that symmetric equations should have symmetric solutions. For
example, a ball put in a trench with a profile shown in Figure 3.5 will
eventually rest at its bottom point. Symmetric gravitational potential yields
symmetric solution. If the profile were like the one shown in Figure 3.7, the
symmetric solution would be unstable. In this case a ball would randomly
fall either into a left or a right pit. Thus, either of the two asymmetric
solutions will happen. In the case of a vector field the number of possible
outcomes is infinite. This is easy to understand if you imagine a hole
produced by rotating the profile shown in Figure 3.7 around its symmetry
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axis. A ball would fall into a circular trench around the central mound, but
its exact final location is unpredictable. You can test this at home by trying
to balance a pencil on its tip.

Some particle physics theories predict symmetries, which are not
encountered in real world. For example, a theory predicts a particle to
be massless, but it has mass.s Or a theory predicts two particles to have
equal masses, but they are different. One of the possible explanations for
such discrepancies is that those symmetries existed originally, but later
were spontaneously broken. This is exactly the same as our example with
the Universe going from a false vacuum state to a true one, which differed
by a value of some scalar field. If the same scalar field also governs the
properties of elementary particles, we can explain symmetry breaking in a
similar manner. Likewise, a vector field provides endless possibilities how
those symmetries can be broken.

So, let us assume that the inflation was accompanied by such sponta-
neous symmetry breaking. In remote causally unlinked parts of the Universe
this process could have different outcomes. This means that physical laws
could be fundamentally different in different parts of the Universe: different
fundamental constants, different particle properties, even a different number
of dimensions in extreme cases. So, going back to the Multiverse concept,
we get not just a huge number of universes, but a huge number of universes
with different physics.

This could seem like madness, but Mother Nature gave us a good
model of a Multiverse. We are talking about ferromagnetic materials. Any
piece of iron or any other ferromagnetic contains domains, where magnetic
momenta of different atoms are aligned in the same directions. Different
domains have different alignment of atomic magnetic momenta, and are
separated with domain walls with extra surface energy density. If a piece
of iron was never placed into an external magnetic field, the alignment
of the magnetic momenta within domains could be viewed as a result of
a spontaneous symmetry breaking. The same story applies to less known
ferroelectrics.

sFor the discovery of the mechanism, which explains this phenomenon, François Englert
and Peter W. Higgs were awarded the Nobel Prize in Physics of 2013.
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The Multiverse should have a similar structure. The size of a domain
is expected to be much larger than the size of the observable Universe,
making it impossible for experimental physicists to take their instru-
ments to another Universe — an opportunity none of them would like
to miss.

This Multiverse model gives new implications to the so called anthropic
principle. This principle, which directly relates to cosmology, has not
only scientific but also philosophic origins. It is also widely referenced
in theology. Let us explain what it’s all about.

Many scientists noted that the existence of intelligent life in the
Universe (that’s a flattering euphemism for mankind) was made possible
due to a number of unbelievably lucky coincidences. A small change in
the fundamental constants or parameters of elementary particles would not
only prohibit life — it would make the world totally different. Naturally,
this brings up a question: why the Universe is so well suited for life? It
doesn’t take much imagination to guess the theologists’ explanation, but
what answer could physicists offer? The philosophers came to help with an
idea that in order to discuss how well-suited our Universe was for life, it is
necessary to have some sentient beings able to conduct such a discussion.
This is a very simplified version of the anthropic principle. In other words,
if the Universe was not suited for life, there simply would be no one to
complain about it. Thus, if we had more than one possible ways the Universe
has been created, such a discussion could happen only in those Universes,
which have someone able to discuss it.

A formal statement for the anthropic principle was given by Brandon
Carter, who noted that “we must be prepared to take account of the fact that
our location in the universe is necessarily privileged to the extent of being
compatible with our existence as observers”.

So, now scientists only had to explain a large number of possibilities.
Before inflation theory, there were two alternative explanations: that the
Universe was born and destroyed a large (maybe infinite) number of times,
and that the original quantum fluctuation spawned several universes at once.
The first explanation let the anthropic principle chose a suitable cycle, and
the second one — a suitable universe. The idea of a Multiverse with a
domain structure allows for many independent possibilities.
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3.7.1 Pulsating Universe

Anthropic principle inspired the hypothesis of a pulsating Universe. This
is an older alternative to the Multiverse hypothesis. It assumes that the
Universe was born than collapsed than was born again and so on. Of
course, it implies that the Universe is closed, otherwise it wouldn’t
collapse — a hard requirement, which is not too compatible with the
modern observational constraints. A closed model is bounded in time by
two cosmological singularities: a cosmological singularity in the past, also
known as Big Bang, and a cosmological singularity in the future, dubbed
Big Crunch. A pulsating Universe undergoes a Bang, then a Crunch, then
another Bang, and so forth. This gives a large, possibly infinite, number of
universes, lined up along the time axis. How much time passes between
a Crunch and a Bang? This question has no sense, as there is no such
thing as time when there is no Universe. Also, physics lacks any means
to study anything which happened between the adjacent incarnations of
the Universe. Also, there is no way to prove or disprove any dependence
between the incarnations.

This hypothesis has a number of drawbacks. We have no idea why the
Universe was born uniform and isotropic, because we don’t know how
and why it was born. Maybe it was neither uniform nor isotropic, but
the inflation made the observable part of the Universe seem so. But we
know rather well how it should collapse. Evgeny Lifshitz analyzed the
gravitational instability of isotropic solutions and discovered that they
become especially unstable during the collapse. The fluctuations grow so
rapidly that applying uniform isotropic model to the Big Crunch would be
an unjustifiable simplification. A General Relativity solution in the vicinity
of the cosmological singularity was derived by Vladimir Belinsky, Evgeny
Lifshitz and Isaak Khalatnikov and independently by Charles Misner. This
solution is very complicated and has oscillatory nature with an infinite
number of time periods when the Universe contracts along two axes, and
expands along the third one. If this wasn’t complicated enough, these axes
are aligned differently in different periods as well. As you can see, this
has little in common with however popular science movies picture the
Big Crunch. This most probably means that the Big Crunch cannot be
described in terms of Friedmann’s solution. Thus, the idea of a pulsating
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Universe provides no significant advantages, contradicts observations, and
has a number of intrinsic shortcomings.

3.8 The Matter in Making

3.8.1 Big Bang nucleosynthesis

What filled the Universe before stars and galaxies were formed? Early
on, the Universe was quite uniform. Its contents varied with age and
temperature. Initially, the Universe was dominated by electromagnetic
radiation. Then the Universe was primarily filled with a mixture of protons
and neutrons, which later merged into nuclei of light elements. Some of
the elements formed during the first three minutes after the Big Bang,
mentioned in the title of Weinberg’s book [1993], in a process called Big
Bang nucleosynthesis. After these three minutes the Universe contained
approximately 75% of hydrogen (1H), 25% of helium-4 (4He), 30 parts
per million of helium-3 (3He), 20 parts per million of deuterium (2H), and
1 part per 109 of lithium (7Li). The numbers given are mass fractions. This
was the main result of Gamow’s cosmological studies.

These letters with numbers are the designations of isotopes. Letters are
the designation of the chemical element in the periodic table and indicate
the number of protons in the nucleus, which is equal to the element’s
sequential number in the table. The numbers are the atomic weights of
the isotopes, i.e. total numbers of protons and neutrons in their nuclei.
Isotopes are usually pronounced as a Latin name of the element followed
by its weight. For example, an isotope 238U (pronounced uranium-238) has
92 protons (equal to uranium’s sequential number in the periodic table) and
146 neutrons (calculated as 238 minus 92). This naming system is never
used for hydrogen isotopes, which are known by their proper names: 1H is
called protium (rarely used because it is just a single proton), 2H is called
deuterium, and 3H is called tritium. The only other isotope having a proper
name is 4He, which is called an alpha particle when it is a by-product of
some nuclear reaction or when there is a stream of energetic alpha particles;
in all other contexts it is still called helium-4.

How they were created? Let us start with the nucleus with mass 1,
namely 1H, which is the same as a single proton p+. Initially after the
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Big Bang the ratio of neutrons to protons was close to 1. After the Big
Bang nucleosynthesis, it dropped to about 1/7. This was due to the decay
of neutrons into protons, electrons and neutrinos.

There is only one nucleus with mass 2: deuterium (2H). Note that
deuterium is only marginally stable and easy to destroy.

At mass 3 there are two nuclei: helium-3 (3He) and tritium (3H),
however only the prior is stable. Tritium naturally decays into helium-3
with a half-life of 12.3 years. However, helium-3 has a very large cross-
sectiont for neutron capture, which produces tritium.

At mass 4 there is one stable nucleus: helium-4 (4He), also known as
an alpha particle. It is very stable and hard to break. Thus, it is the most
common fusion product.

There are no even remotely stable isotopes with mass 5.
At mass 6 there are two nuclei: lithium-6 (6Li) and beryllium-6 (6Be).

However, the corresponding reactions normally yield an alpha particle and
two nucleons.u Beryllium-6 has a half-life of 5 · 10−21 s, and lithium-6 is
only marginally stable, and decays in stars due to collisions.

Lithium-7 was produced by merging of tritium with an alpha particle.
Another element with mass 7 was beryllium-7, but since the only stable
isotope of beryllium is 9Be it converted to 7Li through electron capture.

This information is summarized in Table 3.1. t0.5 is the half-life —
a time it takes for half of the element to decay. Common designations
for elementary particles are used: n is a neutron, p+ is a proton, e− is an
electron, νe is an electron neutrino, e+ is a positron (anti-electron), ν̄e is an
electron anti-neutrino.A superscript plus or minus means the electric charge
of a particle measured in elementary charges. A subscript e in the neutrino
symbol means its flavour (see footnote on page 19). A macron (top bar)
is a standard designation of an anti-particle. A number in the end of some
reactions is their energy yield. A positive yield means that more energy is
produced than consumed and the reaction is energetically advantageous, a
negative yield means the opposite. We omitted the yield when we could not
find reliable information on its value.

tA cross-section is a measure of a likelihood of a certain nuclear reaction. The larger the
cross-section, the more likely the reaction is.
uA nucleon is a collective name for particles making up nuclei, i.e. protons and neutrons.
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Table 3.1. Isotopes created in Big Bang nucleosynthesis.

Isotope p+ n t0.5 Reactions

1H 1 0 stable n + e+ → ν̄e + 1H
n + νe → 1H + e−

2H 1 1 marginally stable 1H + 1H → 2H + e+ + νe
3H 1 2 12.3 yrs 2H + 2H → 3H + p+ + 4.03 MeV

3He + n → 3H + p+
3He 2 1 stable 2H + 2H → 3He + n + 3.27 MeV

3H → 3He + e− + ν̄e + 18.6 keV
4He 2 2 stable 2H + 3He → 4He + p+ + 18.30 MeV

2H + 3H → 4He + n + 17.59 MeV
6Li 3 3 marginally stable 3He + 3H → 6Li

4He + 2H → 6Li
6Be 4 2 5 · 10−21 s 3He + 3He → 6Be → 4He + p+ + p+
7Li 3 4 stable 4He + 3H → 7Li

7Be + e− → 7Li
7Be 4 3 53 days 4He + 3He → 7Be
8Li 3 5 838 ms 7Li + n → 8Li

7Li + 2H → 8Li + p+
8Be 4 4 7 · 10−17 s 4He + 4He → 8Be − 91.8 keV

Big Bang nucleosynthesis is responsible for most of the existing helium.
Astronomers determined the amount of this primordial helium, which
matched Gamow’s predictions. This was done in the following way. It is
clear that the chemical composition of the Universe remained unchanged
from the Big Bang nucleosynthesis till the appearance of the first stars. Thus,
the chemical composition of the first stars should match that of the Universe
at that time. The astronomers observed spectra of early stars and determined
their chemical composition. The chemical composition is characterized by
the so-called metallicity: a relative abundance of oxygenv with respect to
hydrogen. It is clear that first stars should have zero metallicity, as all oxygen
was created in stars. By extrapolating the relations of helium, lithium, and
deuterium on the metallicity (which happen to be almost linear) to its zero
value, they obtained their primordial abundances.

vIn astronomy a metal is any element heavier than helium. This makes chemists sad.



December 1, 2017 15:28 How the Universe Works - 9in x 6in b2908-ch03 page 94

94 How the Universe Works: Introduction to Modern Cosmology

3.8.2 Stellar nucleosynthesis

Why did the Big Bang nucleosynthesis stop at lithium? The thing is that
there are no stable nuclei with 5 or 8 nucleons.Any combination of 5 protons
and neutrons tries to reduce to an alpha particle (4He nucleus), dropping out
the extra nucleon. The 8Be isotope formed by merging two alpha particles
has a half-life of 7 · 10−17 s and decays back into two alpha particles. Thus
it could not affect nucleosynthesis in any way.

Heavier elements were produced through carbon, which was produced
in stellar cores through the so called triple-alpha process: 4He + 4He →
8Be − 91.8 keV; 8Be + 4He → 12C + 7.37 MeV. It requires the 8Be
isotope to be created faster than it decays, which is possible only at extreme
temperatures and pressures. Such conditions became available only when
first stars were created. Once enough carbon was generated, a chain of
reactions called the alpha ladder produced heavier isotopes:

12C + 4He → 16O + 7.16 MeV; 16O + 4He → 20Ne + 4.73 MeV;
20Ne + 4He → 24Mg + 9.32 MeV; 24Mg + 4He → 28Si + 9.98 MeV;
28Si + 4He → 32S + 6.95 MeV; 32S + 4He → 36Ar + 6.64 MeV;
36Ar + 4He → 40Ca + 7.04 MeV; 40Ca + 4He → 44Ti + 5.13 MeV;
44Ti + 4He → 48Cr + 7.70 MeV; 48Cr + 4He → 52Fe + 7.94 MeV;
52Fe + 4He → 56Ni + 8.00 MeV.

40Ca is the last stable isotope on this list. 36Ar, 44Ti, 48Cr, 52Fe, and 56Ni
later decay forming the rest of the elements up to 56Fe. All heavier elements
are produced through the capture of neutrons, which occurs either slowly
(s-process) or rapidly (r-process). The s-process produces elements up
to lead, and the r-process found in supernovae produces the rest of the
periodic table. All these processes occur at different stages of Universe’s
evolution.

Thus, normal stars produce elements only up to lead. However, there are
vast deposits of heavier elements such as uranium on the Earth. The only
way for them to be produced is through a supernova burst. Calculations
show that the observed abundance of heavy elements requires at least two
consequent supernova bursts. So, the Sun together with the Earth and us are
made of junk left after a second-hand supernova exploded. Did we mention
that studying science could be harmful for your ego?



December 1, 2017 15:28 How the Universe Works - 9in x 6in b2908-ch03 page 95

Early Universe 95

This raises an interesting question. If the Sun is the product of
supernovae, why does it have so much hydrogen and helium (about 80%)?
Why did they not convert to carbon and heavier elements during the burst?
The reason behind this is the non-uniform chemical composition of stars.
The abundance of hydrogen is much higher in outer layers than in the core
and even in the core it never becomes zero. As a star becomes older, its
core gets polluted with fusion products and at some point the light pressure
becomes insufficient to compensate self-gravitation and the core collapses.
This is the mechanism of all but the most powerful Type Ia supernovae
bursts. We tell about them in Subsection 5.1.1.

3.8.3 The antimatter problem

There is a general belief among physicists that everything in the world
should be symmetric unless proven otherwise. So it seems that there
should be an equal number of particles and antiparticles. Indeed, when
elementary particles are born, they are created in pairs: each particle is
accompanied by an antiparticle. When a particle and antiparticle collide,
they annihilatew producing photons. One exception is the photon, which is
its own antiparticle, which means that the light emitted by objects made of
matter and antimatter is indistinguishable. If there are significant amounts
of antimatter in the Universe, they should be spatially separated from
the ordinary matter; otherwise they would just annihilate. But no matter
how hard the astronomers searched “anti-galaxies”, not a single one was
found. This led to a natural conclusion that there is no particle/antiparticle
symmetry, and ordinary matter is by far more abundant.

If this was not true, some galaxies would consist of matter, and others —
of antimatter. However, such galaxies would be separated by boundaries
with annihilating matter.Annihilation destroys a particle and an antiparticle
producing — depending on the spin — two or three photons instead. The
simplest example is the annihilation of an electron and a positron. If their
velocities are much less than the speed of light, each of them would have
about 500 keV of energy. Thus, in a two-photon annihilation, the energies of
the photons would be about 500 keV as well. If such annihilation actually

wAnnihilation is a reaction between a particle and antiparticle, turning both of them into
photons with extremely high energy, equal to the combined energy of the initial particles.
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took place, we would detect radiation with such energy. Such radiation
was detected from the centre of our Galaxy, but it was quite weak. This
means that positrons are rare in our Galaxy. Since no strong sources of
such radiation were detected, we assume that there is almost no antimatter
in the observable part of the Universe.

What is the reason for such discrimination of antiparticles? The
exact answer is unknown. One possible explanation was provided by
the experiments with particle accelerators, which showed that particles
and anti-particles are not fully symmetric. In particular, parityx breaks in
weak interactions. Even if the Big Bang spawned no particles, they soon
formed due to photon collisions. Due to the parity violation, their number
slightly differed. When the Universe cooled down, most of the particles and
antiparticles annihilated and the remaining tiny fraction of particles formed
all the matter we can observe. Andrei Sakharov hypothesized that such
asymmetry could arise due to a combination of three factors: the violation
of CP symmetry, non-conservation of baryonic charge (meaning a baryony

can decay into leptonsz), and the expansion of the Universe, which prevents
the thermal equilibrium. Other possible explanations exist. One of them is
that matter and antimatter have the same quantity, but are simply separated
in space. However, the latter explanation lacks any empirical evidence.

An important advantage of Gamow’s theory was its openness: it allowed
corrections arising from newly opened theories. For example, with the
discovery of quantum chromodynamics in late 20th century a new phase
was added to the Universe’s timeline when it was filled with quark-gluon
plasma. Quarks are particles which form hadrons — particles heavier than

xParity is symmetry with respect to the inversion of all spatial coordinates. Parity violation
was discovered by Tsung Dao Lee and Chen Ning Yang who were awarded the Nobel Prize
in Physics in 1957. In 1980 James Cronin and Val Fitch got the Nobel Prize for discovery
of CP (charge conjugate parity) violation, which in addition inverts the sign of all electric
charges. Currently it is believed that CPT symmetry holds, which also adds the reversal of
time. From the CPT symmetry and CP violation it is evident that there is no symmetry with
respect to time reversal. However, some researchers speculate about CPT violation and the
associated phenomenon called spontaneous baryogenesis.
yA baryon is a heavy composite subatomic particle, participating in strong interaction. The
best known baryons are proton and neutron.
zA lepton is a light elementary particle, which does not participate in strong interactions.
The best known leptons are electron and various flavours of neutrino.



December 1, 2017 15:28 How the Universe Works - 9in x 6in b2908-ch03 page 97

Early Universe 97

leptons. Mesonsaa consist of two quarks and baryons consist of three quarks.
Gluons are particles which “glue” these quarks together in a larger particle.
They are carriers of the strong interaction much like photons are carriers of
the electromagnetic interaction. There are eight kinds of gluons. Likewise,
the standard cosmological model allows for additional phases predicted by
theories, which are yet to be developed.

Today the science has advanced to a point when the term “standard
cosmological model” refers to another theory, which emerged from
Gamow’s one. It includes new phenomena unknown at Gamow’s lifetime,
such as dark matter, dark energy and so on. This new standard model is also
known as �CDM model, where � (lambda) stands for the cosmological
constant, and CDM is an acronym to “cold dark matter”. We explained the
meaning of these words in Section 2.8.

aaA meson is an unstable composite subatomic particle, produced only in very high-energy
reactions. They play an important role in nuclear forces. The best known meson is a pion
(pi-meson). There are two particles called mesons in the past based solely on their mass:
muon (mu-meson) and tau (tau-meson). They have nothing to do with nuclear forces and
are essentially overweight leptons.
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Chapter 4

Dark Matter

4.1 Revolution Comes

During the ages of its existence physics developed a picture of the world.
Bodies are made of molecules, molecules — of atoms, atoms have a
compact nucleus surrounded by an electron cloud. The nucleus in turn
consists of protons and neutrons, glued by mesons. But in the last 25 years
it suddenly came up that 95 per cent of the Universe’s contents are made
neither from molecules, nor from atoms, nor from nucleons. In other words,
all this time physicists studied only 5 per cent of our Universe. The “Boston
tea party” calling for the revolution came unexpectedly and not all physicists
understood its importance. If 30 years ago the correct answer to the question
“What makes up most of the Universe?” was “hydrogen”, today’s correct
answer would be “dark energy and dark matter”.

The change of the answer by itself is no big deal; physics encountered
such situations more then once. The big deal is that when asked “What is
hydrogen?” we could answer at length with demonstration of experiments,
but when asked “What is dark energy?” and “What is dark matter?” an
honest answer would be “We have no freaking idea”. In fact, all we know
about them is the very fact of their existence (still disputed by some) and
some very basic properties of these mysterious entities.

Physics faced the unknown many times in its history. It could be
new phenomena, which needed to be explained, or totally new areas of
activity. Yet every time these phenomena were part of the physics and they
were studied with a standard approach, which led to success for centuries.
This approach consisted of conducting experiments, declaring hypotheses,
formulating theories based on mathematical machinery, their comparison

99
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with experimental data, and, finally, establishing new paradigms. The
challenge of today, however, does not fit this familiar scheme. The problem
is that the only evidence we have about dark energy comes from cosmology,
and the evidence about dark matter comes from cosmology and astronomy.
And so a key link is missing from the chain — we cannot set an experiment
on dark energy.

There is still hope we could set an experiment with dark matter. Many
laboratories conduct experimental searches for dark matter, but it is still
likely that it fundamentally cannot be discovered in such experiments.
This means that observational astronomy will remain the only source of
information about dark matter. But astronomical observations have one
important problem. We can observe a large number of galaxies, but only
one Universe. We can do statistics in astronomy but not in cosmology.

Let us illustrate this with an analogy. Every time physicists encountered
a wall on their path, they broke through it, climbed over it, or at least peaked
through a hole in it. But this time the wall seems to be higher and thicker
than before. And we will have to try to figure out what’s behind this wall
by analyzing the deviations of birds flying above it.

But we had enough philosophy; let us cut to dead facts. Several
independent sources (to be listed later on) yield the following contents of the
Universe. The most abundant entity is dark energy, amounting 69.11±0.62
per cent, then goes dark matter at 25.89 ± 0.57 per cent, and baryonic
(ordinary) matter at 4.86 ± 0.10 per cent. The tiny remainder is filled with
neutrinos and photons. This is shown graphically in Figure 4.1.

4.2 Evidence for Dark Matter

Let us now tell why dark matter and dark energy had to be included in the
physical picture of the Universe. We start with dark matter, because it is
slightly less mysterious than the dark energy. Dark matter has the following
basic properties:

• it interacts with ordinary matter gravitationally;
• it might be involved in weak interaction with ordinary matter, but this is

just a hypothesis;
• it does not participate in electromagnetic interaction, therefore has no

electric charge, does not polarise, does not interact with electromagnetic
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Figure 4.1. Modern estimation of the Universe’s contents.

fields, and is transparent to light and radio waves, which means it is
invisible;

• it does not participate in strong interaction, and does not accumulate in
nuclei;

• dark matter is five times more abundant than ordinary matter in the
Universe;

• every galaxy is surrounded by a dark matter halo;
• dark matter is cold, which means that it moves much slower than the

speed of light;
• we have no idea what it’s made of, but are pretty sure it isn’t made of

baryons, which make up ordinary (baryonic) matter.

4.2.1 Virial mass

Of course, this information didn’t come up instantly. The first suggestions
about dark matter appeared as early as in 1933 in an article by a Swiss
astronomer Fritz Zwicky. He applied the laws of mechanics to the motions
of individual galaxies in the Coma cluster, which included about 1000
galaxies, and the estimated mass appeared to be 160 times greater than that
estimated from total luminosity. A mass determined in such a way is called
virial mass. Unfortunately, he used an overestimated value of the Hubble’s
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parameter. The modern value of the Hubble parameter gives a total mass to
stars’mass ratio for this cluster of about 40. The missing mass was attributed
to dark matter, which was then believed to be ordinary matter, which simply
does not emit light. Such objects include dust, cold gas, exoplanets or
meteoroids, i.e. non-luminous objects familiar to astronomers. Today all
these objects are considered baryonic matter. Naturally, it was difficult to
expect an idea for non-baryonic matter to appear just one year after the
discovery of neutron by James Chadwick.

The same effect was observed for other clusters. A typical cluster
contains about 85 per cent dark matter, 13 per cent hot intergalactic gas,
and 2 per cent stars. Thus, the mass ratio of total to luminous matter is
about 50, and the mass ratio of dark to baryonic matter is about 6 on
the average. The nearest cluster is the Local Group, comprised of our
Milky Way galaxy with its satellites Magellanic Clouds, dwarf galaxy
in the Sagittarius constellation and others, Andromeda galaxy (usually
designated M31 after its number in the 1771 Messier catalogue) with its
satellites M32, M110 and others, and the Triangulum galaxy (M33) with
its satellite — a dwarf galaxy in the Pisces constellation. Overall it contains
over 50 individual galaxies. The full mass of the Local Group was estimated
by Igor Karachentsev and Olga Kashibadze to be (1.29 ± 0.14) · 1012 M�,
where M�a is the Sun’s mass. At the same time, the total mass of the
luminous matter in two largest galaxies of the Local Group is estimated
about 2 · 1011 M�. As you can see, non-luminous matter provides most of
the mass here as well.

On a side note, we give masses of the Local Group components. The
mass of Andromeda galaxy is 7.1 · 1011 M�, the mass of the Milky Way
galaxy is about 5.7 · 1011 M� (this one is really difficult to measure as
we see it from the inside), the mass of Triangulum galaxy is some mere
5 · 1010 M�, and the total mass of all other galaxies in the Local Group
does not exceed 1010 M�.

4.2.2 Galactic rotation curves

How did the astronomers “weigh” other galaxies? The simplest approach
is to construct a rotation curve of a galaxy in question. A rotation curve

a� is a symbol astronomers commonly use to the denote the Sun.
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is the dependence of the velocity at which stars or other objects orbit the
centre of a galaxy on the distance to said centre. Consider a star following
a circular orbit with a radius r. We denote M(r) a mass of the part of a
galaxy inside a sphere with radius r. If this mass is located at the centre or
distributed spherically symmetrical, we can obtain the star’s orbital velocity
by equating the gravitational force to the centrifugal force. Naturally, we get
the Kepler’s formula for a circular orbit: v(r) = √

GM(r)/r. We can also
turn this formula backwards to reconstruct M(r) after v(r) measurements.
However, there is an important caveat: most of the baryonic matter in a
galaxy is located in its disc, and with an absent or weak dark halo the mass
distribution can not be considered spherically symmetric. Fortunately, most
of the galaxy’s mass is provided by dark matter, and so Kepler’s formula
works well enough for this purpose.

Now there is only one thing left — learn how to measure v(r). This is
possible not for all galaxies. If a galaxy’s plane is perpendicular to the line
of sight (this is called face-on galaxy), stars’ velocities are tangential and
cannot be measured with existing techniques. A different story is when the
galaxy’s plane is inclined. Then stars’ velocities also have a radial compo-
nent and we can measure them using Doppler effect. This case is illustrated
with Figure 4.2: a spiral galaxy is rotating counterclockwise, so its arm A
moves towards us, and arm C moves away from us. Figure 4.2 is plotted
in the plane of galactic disc. We are located in the direction towards the
bottom of the Figure. These velocities are added to the velocity at which the

Figure 4.2. A galaxy’s rotation velocity can be estimated by measurements in the atomic
hydrogen line (H i). A vertical line on each spectrum indicates a position of a certain spectral
line shifted according to the galaxy’s radial velocity.
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galaxy’s centre B moves away from us. As a result, the spectrum measured
from point C will have an additional redshift in comparison to that in point
B, and the spectrum in point A will be blueshifted with respect to point B.
Assuming the galaxy’s disc to be circular (this is true for most galaxies), we
can determine its angle to the line of sight and thus its rotational velocity.
The more inclined a galaxy is, the more precise is the estimation of the
rotational velocity. The highest precision is obtained for so-called edge-on
galaxies, which are inclined at about a right angle to the line of sight.

Naturally, a rotation curve can be obtained only for nearby galaxies,
whose different parts can be resolved with a telescope. For most galaxies,
which are too far to have large enough angular dimensions, we can only
measure their mean rotational velocity by treating the width of its spectral
lines (usually the H i line with a wave length of 21 cm) as a result of a
Doppler effect due to its rotation. Such measurements are the most common
in extragalactic astronomy, but to illustrate the existence of dark matter we
will stick to rotation curves, where its influence is more evident.

Figure 4.3 shows a Triangulum galaxy, one of the closest to us. Its
image is overlaid with its rotation curve in scale. Note that the rotation
curve goes far beyond the image. This part of the rotation curve was
measured by the motions of small hydrogen clouds orbiting the galaxy. The
second curve in this figure is a theoretical rotation curve for a same-sized
galaxy, made only of stars. It is clear that beyond the luminous part the

Figure 4.3. A rotation curve of the M33 galaxy.



December 1, 2017 15:28 How the Universe Works - 9in x 6in b2908-ch04 page 105

Dark Matter 105

Figure 4.4. Luminous parts of each galaxy — disk and bulge (white) and stellar halo (dark
grey) — are surrounded by a much larger dark halo (light grey).

theoretical curve v(r) falls off as inverse square root of radius, because
the mass M(r) becomes constant. But the actual rotation curve continues
growing far beyond the luminous area showing that there is something other
than stars which contributes to the mass of the galaxy. This ‘something’ is
dark matter. According to modern views all galaxies are surrounded by a
so-called dark halo, which is much larger than the visible part of the galaxy.
This is schematically shown in Figure 4.4. If we look at more distant galaxies
we shall see that sometimes their rotation curves stay at a constant value in
a wide range of r. Such rotation curves are called flat.

There is one galaxy, whose rotation curve cannot be measured this
way. This is our Galaxy, the Milky Way, which we see from the inside.
Nevertheless, it is possible to plot its rotation curve by measuring the
velocities of objects with known distance to them, e.g. Cepheids. The
accuracy of this approach is considerably worse, though. One of such
objects is our Sun. From its orbital parameters (radius is about 27 thousand
light-years, period is 230 million years) and the Kepler’s formula we can
estimate the mass of the inner part of the Galaxy, which appears to be equal
to 1.0 · 1011 M�. The total mass of the Galaxy is about 1012 M�.
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4.2.3 Mass-to-luminosity ratio

A different way to quantify dark matter abundance is based on the mass-
to-luminosity ratio ϒ (upsilon), which, as the name suggests, equals a ratio
of object’s mass M to its luminosity L. Since masses and luminosities of
stars are traditionally measured in solar masses and solar luminosities,b

the mass-to-luminosity ratio is also measured in units of solar mass-
to-luminosity ratio, equal to ϒ� = 5133 kg/W.c Thus, if a luminosity
of some object was N times the solar one, it was believed that its mass
was also equal to N solar masses. The addition of dark matter increases
the mass but does not contribute to luminosity. So, the mass-to-luminosity
ratio indicates the presence of dark matter. Near Sun, where most of the
stars are lighter, ϒ ranges from 2.5ϒ� to 7ϒ�, stars in the Galactic disc
have from 1ϒ� to 1.7ϒ�, and the typical range for other galaxies is from
2ϒ� to 10ϒ�.

It is clear that if mass-to-luminosity ratio is much higher than that
of a typical object of the same kind, this object should have a lot of dark
matter (or non-luminous baryonic matter). The Coma cluster, where Zwicky
found dark matter for the first time, has mass-to-luminosity ratio up to
400ϒ�. High values of this quantity are often encountered with dwarf
spheroid galaxies, e.g. one in Draco constellation has ϒ = (330±125)ϒ�.
Active cluster AC 114 has even fainter luminosity with ϒ = (700 ±
100)ϒ�. A special case is a dwarf disc galaxy Segue 1 discovered in
2006 in the Leo constellation, whose baryonic mass is only 1000 solar
masses, and the luminosity is 300 solar luminosities. The mass of its dark
matter is 200 to 2000 times larger than the mass of the baryonic matter.
Such large spread is due to the fact that we do not know if it rotates
or not.

Even more interesting is a galaxy VIRGOHI21, discovered in the
Virgo constellation in 2005. It is about 50 million light-years away and

bThis tradition was based on an old assumption that Sun is the most typical star. This
assumption was almost correct: the most common star in our Galaxy is a dwarf star with
roughly half a solar mass.
cSo it takes more than 5 metric tons of solar matter to produce 1 Watt of power. If a most
common 60 W incandescent light bulb ran at the same efficiency, its weight would be of
order 300 tons — as much as six main battle tanks, two diesel locomotives, or a loaded C-5
Galaxy plane.
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consists almost entirely of dark matter. Such galaxies are usually called dark
galaxies. Its mass-to-luminosity ratio is about 500ϒ�. It was discovered
by its wide H i emission line, which indicated fast rotation and therefore
high mass of about 1010 M� to 1011 M�. The total mass of hydrogen in
this galaxy is much smaller and equals about 2 × 108 M�. Optical images
of the corresponding area in the sky did not show anything; even special
observations with Hubble Space Telescope revealed just a few hundred
stars.

As you can see, the highest mass-to-luminosity ratios are encountered in
dwarf and dark galaxies, both of which are difficult to detect.This means that
we know about a smaller part of them, compared to normal galaxies. Their
presence, however, increases the mass-to-luminosity ratio of the Universe,
which is currently estimated at about 100 ϒ�.

4.2.4 Galactic mergers

Dark galaxies were not the only unexpected evidence for dark matter. In
2002 a group of U.S. astronomers led by Maxim Markevich discovered
that one of the hottest clusters 1E 0657–56 is actually a result of a collision
of two galaxy clusters. This object was nicknamed Bullet cluster, and this
type of objects is now called galactic mergers. During the collision the stars
and dark matter just passed through, but the hot gas lost its velocity and
remained midway. The gas in two clusters was 70 and 100 million degrees
hot, and the relative velocity was about 2700 km/s.

In 2004 the same team mapped the distribution of matter density in
this cluster. We reproduce this map overlaid with the temperature map in
Figure 4.5 in the colour inset. Colour image shows the temperature, and
contour lines show matter density. The first thing that falls into eye in this
image is that these distributions are very different, i.e. hot areas and dense
areas do not match.

By 2006 they finished modelling this collision, and their model
confirmed the presence of dark matter at 8σ confidence level.d An

d8σ confidence level means that the chance that there is no dark matter and the observed
distributions were caused by random fluctuations is as likely as the Earth colliding with
another planet on any given day (this presumably happened once).
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animated movie with the modelling results can be seen at the web-
site of Chandra X-Ray observatory, whose data led to this discov-
ery: http://chandra.harvard.edu/photo/2006/1e0657/. Afterwards, a similar
result was obtained for another pair of collided clusters known as MACS
J0025.4–1222.

4.2.5 Cosmic flows

All known evidence of dark matter is due to its gravitational interaction
with baryonic matter. If we consider such interaction on the spatial scale
of a galaxy, we deal with rotation curves, if we move to the scale of a
galactic cluster, we deal with virial mass. Now let us see what happens
if we moved to larger scales. At large scales different galaxies move as
a whole in a pattern other than Hubble expansion. These motions are
called large-scale collective non-Hubble motions of galaxies or simply
cosmic flows. They can be explained in two ways: either as galaxies falling
towards density enhancements, or as the development of initial density
and velocity fluctuations in the Universe, closely connected to each other.
Density fluctuations developed into a familiar structure of the Universe,
and velocity fluctuations developed into cosmic flows. In this approach
individual galaxies are treated as test particles in a common gravitational
field, and not as attracting bodies.

The velocity of such motion is called peculiar velocity and is defined
as the difference between the total velocity of a galaxy and its velocity due
to cosmological expansion given by the Hubble’s law. Let us remind that
we can measure only radial velocities of galaxies. While we know the total
radial velocity with great accuracy after the redshift, the Hubble velocity
is much more difficult to measure, because it requires an independent
estimation of the distance to a galaxy. Where can we get such estimation?

For nearby galaxies we can use standard astronomical tools such as
Cepheids or tip of the red-giant branch,e which act as some sort of “standard
candles” in extragalactic astronomy. For further galaxies where individual
stars cannot be resolved we must rely on statistical relations. These relations
provide an estimation of its absolute luminosity or dimensions based on the

eThis refers to the feature of the Hertzsprung–Russell diagram of stars luminosities vs.
colour.
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parameters of its radio emission. These, in turn, provide an estimation of
a distance to a galaxy with a relative error of about 10 to 30 per cent.
Alternative methods include analysis of surface brightness variations and
Type Ia supernovae bursts.

After determining peculiar velocities of a large number of galaxies,
it is possible to construct the global non-Hubble velocity field. This, in
turn, can be used to restore the density distribution required to cause such
motions.f The recovered density is a total matter density including both
baryonic and dark matter. This distribution matches the distribution of
infrared sources and clearly shows all known large-scale structures such
as attractors and voids. The determined mass of attractors is much greater
than the mass of luminous objects within, indicating a large share of dark
matter.

4.2.6 Growth rate of density fluctuations

A significant progress in dark matter studies was achieved through computer
simulations of gravitational interaction of a large number of massive
particles. Such simulations are usually run on supercomputers with a vast
number of processors. Computer simulations were needed because most of
this growth occurred between the recombination and reionisation, during
the so-called dark ages when there were no light sources in the Universe,
so direct observations are out of question. One example of computer
simulations of formation of large-scale structure is shown in Figure 4.6
in the colour inset.

The oldest star known today HD 140283, which happens to be located
just next door to us (190 light years from the Sun), is estimated to be
(14.5 ± 0.8) · 109 years, which means it was born in the first few hundred
million years. There are 23 stars in the centre of our Galaxy with comparable
ages, so this should be a rather common situation. Or this could simply mean
that our methods for estimating stellar ages do not work well with such old
stars. The oldest (and farthest) galaxy we have seen so far is the rather big
(only 25 times smaller than the Milky Way) galaxy GN-z11 discovered in

fThis step is somewhat tricky because this problem has more than one solution (usually,
infinite number of solutions). In mathematics such problems are called inverse problems
and all of them are ill-posed.
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March 2016 at z = 11.1. This corresponds to the very beginning of the
reionisation epoch. In contrast to the oldest stars, we are absolutely certain
about this galaxy’s age. This leaves just a few hundred million years at best
for the formation of the galaxy.

Simulations show that without dark matter the formation of the
observed large-scale structure would take a much longer time. They also
give the distributions of dark matter in galaxies and clusters.

The only problem with the results of computer simulations is the
shortage of satellite galaxies. Simulations predict a much larger number
of such satellite galaxies than astronomers observe. However, newer
simulations with larger number of particles give better results, yet the
number of particles is believed to be still too low to correctly reproduce such
fine details. This problem prompted astronomers to look for such satellites
specifically and they recently detected quite a lot of them. Observers add
that such satellite galaxies are very difficult to spot. So it is quite possible
that this problem is purely technical.

In any case, one should always remember that computer simulations
almost always involve some corner-cutting like tweaking fundamental
constants or ignoring some effects and are plagued by round-off errors,
so their results should be taken with a grain of salt. They should never
be treated like actual experimental data but rather as a hint towards some
patterns or phenomena which could be missed otherwise.

The growth of fluctuations is connected with another important question
of cosmology. The thermodynamic arrow of time guarantees constant
growth of entropy of the Universe. Why do we write nothing about the
Universe approaching its heat death? The idea of the heat death assumes
that within finite time the Universe will transfer to the state with maximal
entropy, which is usually associated with a uniform distribution of all
thermodynamic parameters. However, as we already showed earlier, a
uniform distribution succumbs to the gravitational instability and does not
provide the lowest energy. In fact, the inhomogeneities in the Universe
grow with time — quite opposite to what the heat death hypothesis
suggests.

This 150-years-old hypothesis is usually credited to William Thomson,
first baron Kelvin (often referred to as Lord Kelvin) with a reference to
his 1852 article “On a universal tendency in nature to the dissipation of
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mechanical energy”. However, this article has no mentions of the heat death
of the Universe. The closest thing it has is a statement that in some time the
Earth should become unsuitable for the existence of mankind if something
does not change radically. A much closer statement can be found in an
abstract to his 1862 article “On the age of the Sun’s heat”, which says that
the Universe would meet its heat death if it was finite. He continues that there
is no reason to assume an edge to the Universe filled with matter, and so the
second law of thermodynamics describes an infinite process, and cannot
be viewed as a pessimistic forecast for the fate of the humankind. Many
authors of popular books on science omit these important clarifications,
causing a persistent myth that, alas, can be still encountered in the academic
community.

4.2.7 Gravitational lensing

One more evidence of the dark matter existence is provided by the so-called
gravitational lensing. Massive objects not only attract nearby bodies but also
bend light rays. If a light ray passes by the star with mass M at distance r, its
deviation angle in radians equals ϕ = 4GM/c2r. This expression follows
from the General Relativity; the classical value is twice less. Textbooks on
physics usually don’t mention the fact that massless particles experience
gravitational attraction in Newtonian mechanics. The thing is, massless
particles have no resting mass, but do have dynamic mass, calculated by
the formula E = mc2. However, since any massless particle must travel at
the speed of light, where Newtonian mechanics does not work really well,
there is a twofold difference, which we explained in Subsection 1.3.2. This
difference also became the first experimental confirmation of the General
Theory of Relativity (see Subsection 1.2.2).

If light travelled in straight lines, we would see distant astronomical
objects at their true positions in the sky. Due to the deviation of light rays
we see them slightly shifted instead. This situation is called gravitational
lensing, because the gravitational field acts like some sort of lens. There are
several different types of gravitational lensing. In Figure 4.7 you can see a
sketch of strong gravitational lensing. In this case light from a distant object
is deviated by the gravitational field of a less distant object, and reaches the
observer in several paths. Thus, instead of one image of an object we see
a greater — and always even — number of images of the same object. We
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Figure 4.7. Strong gravitational lensing.

can tell these images are of the same object by analysing their spectra and
light curves.g

The first case of strong gravitational lensing ever observed occurred in
1979 when Dennis Walsh, Bob Carswell, and Ray Weymann discovered
an object called “Twin Quasar” (formally Q0957+561), which looked like
two quasars located 6 arcseconds apart having the same redshift z = 1.41
and identical spectra. It became instantly clear that these are two images of
the same objects. The light-bending gravitational field was provided by the
YGKOW G1 galaxy with the redshift of 0.36.

Today dozens of such objects are known, usually producing two images.
However, there are a few lenses with 4 images, e.g. “Einstein cross”
discovered in 1985, and the “Cloverleaf quasar” discovered in 1984. A very
special case is a recently discovered SN Refsdal, which is the only known
gravitationally lensed supernova. This is a truly unique combination of two
very rare classes of objects: supernovae and gravitational lenses. It was first
discovered in late 2014 as a four-image cross-shaped gravitational lens, and
disappeared shortly afterwards. Then it reappeared for the second time one
year later at the same location. This allowed to directly measure for the first

gA light curve is a plot of the object’s apparent magnitude vs. time.
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time the difference in the light propagation time along two different paths,
which is an important advancement. There is also one known six-image
gravitational lens CLASS B1359+154 discovered in 2000. It has an extreme
redshift of 3.325. The most prominent form of strong gravitational lensing
produces a so-called Einstein ring — an image in the form of an almost
closed circular arc or, much rarer, a full circle. This situation is encountered
when a lensing object is very compact.

A special case of the strong lensing is the so-called microlensing, when
the separation of the images is so small that they cannot be resolved. It
manifests in a sudden increase in the lensed object’s apparent magnitude.
The lensing objects in this case are not limited to just galaxies, but include
individual stars as well.

For dark matter studies, however, a different type of gravitational
lensing called weak lensing is much more appropriate. An image of a
weakly lensed object is not only shifted but also stretched across the
direction towards the lensing object. When lensing object is compact
enough, an image of a weakly lensed nearby object looks like an open
circular arc, which is a small section of the Einstein ring. For a faraway
object, this stretching is too weak to observe directly, and can be revealed
only statistically. Analyzing such images astronomers can estimate the
location and the mass of the lensing object. In particular, this method was
used to recover the density maps of the galactic mergers we discussed a bit
earlier.

An important feature of the weak lensing is that it doesn’t require the
lensed and the lensing objects to be finely lined up and can be used to
study large areas of the sky. Also, for objects beyond z = 0.1 cosmological
effects must be taken into account. Thus, weak lensing studies at high
redshifts provide an independent constraint on the values of cosmological
parameters. In this sense weak lensing can be viewed as a bridge between
dark matter studies at galactic and cosmological scales.

4.2.8 Alternative models

So far we have seen quite a number of proofs of dark matter existence. Is it
possible to provide an alternative explanation to these facts? It is for some,
but not for all. For example, the evolution of the large-scale structure of the
Universe cannot be explained without dark matter. To explain observations
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without the involvement of dark matter more fundamental things must be
sacrificed. For example, there is a hypothesis explaining galactic rotation
curves with the violation of the second Newton’s law at small accelerations.
This so-called modified Newtonian dynamics (MOND) has a small but
very active group of adverts. Let us consider what consequences it will
lead to. First of all, we would have to replace classical mechanics with a
theory which does not yet exist. Small accelerations are also encountered
in molecular physics, solid state physics, particle physics etc. We would
have to abandon the very foundation of physics without any experimental
justification just to explain galactic rotation curves.At the same time MOND
does not explain other proofs for dark matter. Generally speaking, dark
matter is the only hypothesis at the moment, which explains all of the
known experimental facts.

4.3 What Makes up Dark Matter?

Save for an extravagant hypothesis that dark matter is made of a large
number of small black holes, there is a consensus that it consists of
some massive elementary particles. Because it can not consist of baryons,
and all other known massive particles are unstable, this means that it is
formed of yet unknown particles. These particles were given a name:
weakly interacting massive particles or WIMPs for short. Such a name
implies that they can participate in weak interactions, but there were
no reliable indications so far that this is the case. Dark matter, which
interacts only gravitationally, is called mirror matter. In addition, there
is no guarantee that dark matter is made of one sort of particles. Some
authors use the term WIMP to refer to particles falling in a mass range
about 100 GeV and call heavier particles wimpzillas. In this book we
refer to all dark matter candidate particles as WIMPs because we see no
reason to use different names to undiscovered particles, which may or may
not exist.

Particle physics developed many hypotheses and theories predicting
candidate particles for WIMPs. We shall not list them or explain their
differences here because there are no grounds to prefer one to another at
this point. Instead, we refer those interested to a review [Peter, 2012]. The
only thing we are mostly confident about WIMPs is that they can not have a
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small rest mass; otherwise they could not make up cold dark matter.h To be
precise, their mass must be much higher than the neutrino mass, which is
now estimated at less than 2 eV. Since they were not discovered in particle
accelerators, we conclude that they should be much heavier than protons.

Until now we discussed only the mass of dark matter particles. To
characterize its contents and properties we should measure parameters
of at least one more fundamental interaction involving them. So, if dark
matter is mirror matter, we can never learn its contents directly. Fortunately,
the theories predicting such particles called sterile neutrinos, give other
predictions, which can be verified.

By definition of dark matter, the only non-gravitational interaction it
can engage in is the weak one. Such interaction can be studied in the lab.
If such a reaction was found, it would give a reliable estimation of WIMP
parameters; otherwise it would set a constraint on its cross-section. This is
exactly the same situation astroparticle physicists faced when searching
for neutrinos, thus the experimental setup is pretty much the same as
for neutrino detectors: the labs are located deeply underground, often
underneath some mountains or in abandoned mines. The principal idea is
that WIMPs somehow interact with the detector material, and the results of
this reaction are registered in various ways listed in a review [Cline, 2014].
The only difference is that the neutrino reactions were known beforehand
and experimentalists knew what to expect. This time they should look for
any unexpected reactions and try to exclude any alternative explanations.
Rephrasing Confucius, they are like a blind man in a dark room looking for
dark matter that could be undetectable at all.

Even burying deep underground can not shield the detectors from other
kinds of radiation. The most common types are beta and gamma decays,
which are easily identified by electromagnetic signatures. Another story
is neutron radiation, which produces a similar pattern to the one expected
from WIMPs. Still, they can be also identified based on a much larger
cross-section, so they scatter more than once in large enough detectors. Of

hTheoretically, it is possible that WIMPs have small rest mass and were born cold, but due
to extremely small cross-section they still did not have enough time to heat up. This is a
highly unlikely scenario, though.
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course, the detectors are also shielded with specially refined materials, free
of radioactive admixtures.

Around 2010 there was a common feeling of optimism related to these
studies; it was expected that the discovery of WIMPs was just around the
corner. The main reason for such optimism was the positive result from the
DAMA/NaI and later DAMA/LIBRA detector located in the Gran Sasso
National Laboratory in Italy, which detected seasonal variations consistent
with those expected from dark matter. These expected variations are caused
by changes in Earth’s relative velocity with respect to the Galaxy’s dark
matter halo due to its annual rotation around the Sun, so its orbital velocity
of about 30 km/s either adds to (in June) or subtracts from (in December)
the Sun’s orbital velocity of about 220 km/s with respect to the Galaxy’s
centre. The WIMP flux should vary accordingly. This is for exactly the
same reason why running under rain you become wetter than standing still
for the same length of time.

At that time some of the other detectors’results (most notably CoGeNT)
were inconclusive but as time passed and more data were gathered, none
of them detected anything which could pass as a clear WIMP detection.
As a result, they set stricter and stricter restrictions on WIMP cross-
section, and at some point their results became fully incompatible with
those of DAMA/LIBRA. Thus, alternative explanations to the observed
seasonal variations were made [Manalaysay, 2011; Cline and Simpson,
2015], implying serious faults in experimental setup, namely a principal
inability of DAMA detectors to distinguish betweenWIMPs on one side and
muons and fast neutrons on another, which have similar annual variation
patterns. The astroparticle community was split in two rivalling groups
whose disputes quickly heated up to a level of personal insults. To resolve
this tense situation, a similar experiment SUPL was planned in the southern
hemisphere, which should either uphold or discount these accusations.

These dark matter detection techniques are known as direct ones,
although in all honesty the word “direct” should be put in quotes. Still, there
are even more indirect searches for high-energy particles and antiparticles,
which, as some theoreticians believe, should be created in reactions
involving dark matter. These experiments are usually performed in space or
on high-altitude balloons. The principal problem here is that antimatter is
created in the Galactic disc in other reactions too, without any need for dark
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matter, so their results should be pretty difficult to interpret. In addition,
the results of these experiments contradict each other and most ground
experiments.

Thus, there could be three principally different outcomes of experimen-
tal searches for WIMPs: either they are found, which seems less and less
likely, or the cross-section threshold is reduced so much that theoreticians
will review their models, for example switching to sterile neutrinos, or
different experiments will continue contradicting each other and this dispute
will last for decades.

It should be mentioned that negative results of these experiments do
not mean that there is no dark matter. Formally it only means that its cross-
section is below the detection threshold, or that WIMP mass is very different
from expectations. A more realistic conclusion is that dark matter does not
participate in weak interaction and is made of sterile neutrinos or something
similar.
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Dark Energy

5.1 Cosmological Evidence for Dark Matter and Dark Energy

At cosmological scales we can look at several things: obtain independent
estimations of matter density to critical density ratio �m, separate dark and
baryonic matters by introducing a similar ratio �b for baryonic matter, and
estimate the density ratio�� (energy ratio to be precise) of the cosmological
constant or, in a more general case, of dark energy.

To determine the shape of the space-time we need to measure the
space-time curvature, which plays an important role at cosmological scales.
We can do this in two ways: either observe objects with known linear
dimensions (“standard ruler”) or objects with known luminosity (“standard
candle”) at a wide range of distances. Such observations allow astronomers
to measure various types of distances to such objects, which, as we
explained in Section 2.5, are different in curved space-time.

A standard candle yields photometric distance, which has two important
properties. The first property is that the light flux at distance r falls off
inversely proportional to the area of a sphere with radius r. In flat space-
time this area equals 4πr2, but in curved space time it can be larger or
smaller depending on the sign of the curvature. The second property is that
the redshift decreases the energy of each photon by a factor of 1 + z and
the rate of their arrival by another 1 + z, and for this reason even in flat
space-time photometric distance is 1 + z times larger than true distance.
Thus, the light flux falls off as (1 + z)−2.

A standard ruler yields angular distance. In flat space-time an object
with width l is seen at an angle ϕ = l/r measured in radians, so we could
estimate the distance as r = l/ϕ. But this is not so simple in curved

119
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Figure 5.1. Angular distance can be tricky. All three elements are of the same length.

space-time. Consider, for example, a sphere or a globe (see Figure 5.1).
An observer located, e.g. at the North Pole on the surface, measures
angular dimensions of a yardstick aligned in east-west direction so it is
perpendicular to his or her line of sight. In a 2D spherical world light travels
along great circles, so to measure the yardsticks’ angular dimensions, we
need just to calculate the difference of the longitudes of its eastern and
western edges. As the yardstick moves away from the observer, its angular
measure decreases, becomes minimal at the equator, and then starts growing
again as it approaches the South Pole.a Its angular dimension at the equator
is 2π · l/2πR = l/R with R being the sphere’s radius, while in a flat world
it would be l/(πR/2) = 2/π · l/R. Note that their ratio does not depend
on R: any positive curvature, no matter how small, has minimum angular
dimensions for any object, which is π/2 times greater than its angular
dimensions on a plane. In space with negative curvature the situation is the
opposite.

In addition to these two types of distance we also have redshift distance,
which can be easily determined for any astronomical object. Comparing

aNavigating this world should be very confusing relying on sight alone.
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either or both of the distances we discussed to the redshift distance we can
learn a lot about the geometry of the Universe.

Where to find that standard objects? At first astronomers tried using
galaxies, but they are too different from each other. Today they use type
Ia supernovae as standard candles and baryonic acoustic oscillations as
standard rulers. Let us explain what they are.

5.1.1 Type Ia supernovae

A supernova is a catastrophic stage in a star’s lifetime when it emits energy
comparable to the output of a whole galaxy for a short time. The name
comes from Tycho Brahe’s manuscript “De stella nova” (“On a new star”)
describing a supernova of 1572. They are usually designated with letters
SN followed by a year of discovery and sometimes a lowercase letter to
distinguish supernovae detected on the same year.A plural form supernovae
is commonly abbreviated to SNe. Supernova bursts are rare events. On
average they happen three to four times in a millennium in our Galaxy. In
recorded history there were only five confirmed supernovae observations
in the Milky Way, the last being in 1604, which quite ironically happened
just a few years before the invention of a telescope. The next supernova
was observed in 1885 in Andromeda galaxy, and all supernovae since were
observed in other galaxies. There are five different types of supernovae
designated by roman numerals I through V, further divided into subtypes
designated by a lowercase letter, so type Ia is denoted as SN Ia, and type
IIn — as SN IIn. Two different mechanisms lead to such events.

When a massive star (heavier than about 10 solar masses) spends
most of the hydrogen in its core, the fusion effectively stops and the
radiation pressure can no longer balance the gravitational force. Then
the star collapses, pressure and temperature build up quickly, and fusion
reignites burning helium and heavier elements. This process is the only
source of elements heavier then lead in the Universe. If the additional
pressure generated by this fusion is sufficient to overcome the collapse,
a supernova burst occurs, ejecting the star’s outer layers to great distances;
otherwise a star collapses further turning into a black hole or a neutron star.
This mechanism is called core collapse and produces all types of supernovae
(depending on the parameters of the initial star) except the most powerful
Type Ia supernovae. We mentioned this in Subsection 3.8.2.
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Type Ia supernovae are produced in a totally different way called
thermal runaway. Unlike core collapse, which starts with a very massive
star, thermal runaway starts with a binary systemb containing a white
dwarf — a small and extremely hot star. When the distance between the stars
is small enough, the white dwarf sucks matter from its companion increasing
its mass. As its core pressure and temperature rise above a threshold to
start carbon fusion, the latter produces even more heat, completely ruining
the core with a release of a tremendous amount of energy — quite a
picturesque illustration that gluttony is indeed a deadly sin. What makes
type Ia supernovae so interesting for cosmology is that during the burst they
all have the same peak luminosity corresponding to an absolute magnitude
of −19.3c and thus can be used as standard candles.

However, there is certain scepticism, arising from historical problems
with the use of Cepheids as standard candles. The first concern is that distant
type Ia supernovae might not have the same peak luminosity because their
progenitor stars must be much younger. However, the thermal runaway
mechanism should not depend on the age of the star. Another concern is
that one could incorrectly classify a much fainter type Ib or Ic supernova as a
type Ia due to a similar spectrum. However, such mistakes would be clearly
visible at the photometric distance vs. redshift plot as obvious outliers. A
third concern is that binary systems with both stars being white dwarfs can
produce a wide range of peak luminosities depending on the masses of
both components. This concern can undermine the explanation for type Ia
supernovae, but not the fact that they have similar peak luminosities, which
was determined statistically.

How astronomers search supernovae? Despites their power they happen
so far from Earth that are manifested as a brief appearance of a faint object in
the sky. A typical duration of a supernova burst is about 20 days. Universe’s
expansion increases this duration 1+z times. This fact alone proves that the
Universe expands. Astronomers take daily pictures of the sky and compare
them to yesterday’s ones to see if any new objects appear. If a new point-
like luminous object appears and it is neither an error nor a known variable
object, this means it is either a supernova burst or a microlensing event. Both

bA binary system is two gravitationally bound stars, orbiting their common centre of mass.
cThis is roughly 5 · 109 times brighter than the Sun.
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events are very interesting and require lengthy observations of such objects.
To ensure daily coverage of these objects, astronomers immediately share
information about such discoveries worldwide, and observers all around
the world begin observing this object. For type Ia supernovae (identified
by their spectra) a light curve is then plotted yielding duration and peak
luminosity. Both are used to determine the distance, and the spectrum gives
its redshift.

Early type Ia supernovae observations fitted Friedmann’s theory, which
predicted decelerating expansion of the Universe. As we mentioned in
Subsection 2.6.1, this deceleration is described by a deceleration parameter
q, which is always positive in Friedmann’s models. Everything changed
in 1998 when the group of Adam Riess, and then the group of Saul
Perlmutter announced that their data showed that the Universe expands
with acceleration and the deceleration parameter is negative. Corresponding
articles were published in 1998 and 1999. This revolutionary discovery
became possible due to increased sample size (number of considered
objects) and an introduction of a correction for slight variations of peak
luminosity. It became clear that the Universe expansion slowed down until
a certain point and then started growing again. It should be noted that
accelerated expansion does not mean the increasing of the Hubble constant;
it still decreases. This happened at z ∼ 0.645 or about 6.2 · 109 years
ago. This became the main proof of the existence of dark energy, which
is a more general case of a cosmological constant. Accelerated expansion
automatically solved a problem of the age of the Universe in Friedmann’s
model, which was less than the age of the oldest known stars. Type Ia
supernovae data also provided constraints on the matter density. For this
discovery Adam Riess, Saul Perlmutter and Brian Schmidt were awarded
the Nobel Prize in Physics of 2011.

5.1.2 Baryonic acoustic oscillations

Somewhat later cosmologists found something resembling a standard ruler.
Some papers call it baryonic acoustic oscillations (BAO), others call
it galaxy clustering or large-scale structure. This is a very complicated
thing, so we give only the basics here. As we mentioned earlier, density
fluctuations in early Universe grew due to gravitational instability. Dark
matter fell on density enhancements, but baryonic matter was slowed down
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by its backreaction or, simply speaking, pressure due to particle collisions.
As a result, each such density enhancement produced a density wave
propagating outwards at a speed, which was estimated by Zel’dovich as
c/

√
3. After recombination they slowed down significantly and currently

reached a radius of about 150 Mpc. Thus, the probability that two galaxies
are separated by this distance is slightly greater than if they were randomly
distributed.

This statistical preference can be seen in all large enough catalogues of
galaxies, in particular in Sloan Digital Sky Survey (SDSS). Its correlation
functiond vs. distance plot is shown in Figure 5.2. The most notable feature
in this plot is the peak at about 150 Mpc, corresponding to the mentioned
effect. Its position depends on cosmological parameters (matter density
mostly) and sets constraints on them.

Another method of determining angular distance is the so-called light
echo — when light from some source (usually a supernova) is reflected
from some other object and arrives with a certain delay. Then, from this
delay it is possible to calculate the distance between the source and the
reflecting object.

Figure 5.2. Correlation function vs. distance between SDSS galaxies (dots) and theoretical
dependencies for different matter densities (curves). A peak corresponds to the BAO scale.

dA correlation function (more formally, two-point autocorrelation function) characterizes
the likelihood of finding two galaxies separated by a given distance.
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5.1.3 CMB spectrum

The third source of constraints on cosmological parameters is the CMB
spectrum radiation (Figure 3.2). It is possible to calculate what it should like
for a given set of cosmological parameters. Comparing the model spectra
obtained in such a way to the one observed we can choose these parameters
to get a best fit. The parameters are the three density parameters ��, �m,
and �b,e slope of the fluctuations spectrum, number of neutrino flavours
etc. Some of these parameters are obtained directly, e.g. ��. Some are
obtained in combinations, e.g. �mh2, and �bh

2. Note, however, that the
ratio �b/�m does not depend on h.

Figure 5.3 in colour inset shows joint constraints (grey) on ��

and �m obtained with three described methods (marked with white
text): CMB fluctuations spectrum (orange), supernovae bursts (blue), and
baryonic acoustic oscillations (green). As you can see, confidence regionsf

determined by these three methods overlap in the same place, yielding their
relative abundance given in Section 4.1.

The same plot also shows regions with qualitatively different scenarios
of Universe’s expansion (marked with black text): a line corresponding
to flat Universe with open Universe below and closed Universe above, as
well as the region which excludes the Big Bang. The location of the joint
confidence region tells us of past and future of the Universe using the
standard �CDM model. We can see that the Universe is indeed very close
to flat.

5.2 Dark Energy

As we learned from the previous Section, the Universe expands with accel-
eration, which contradicts Friedmann’s models. This is mathematically
expressed in a negative value of the deceleration parameter. To resolve

e�b is a baryonic matter density parameter.
fA confidence region is a region in the parameter space which includes the true value with at
least a given probability called confidence level (CL). CL are usually chosen in such a way
that borders of confidence regions represent an integer number of standard deviations from
the most probable value. They are denoted as 1σ, 2σ etc. A special case is a commonly used
95 per cent CL, which produces a confidence region slightly narrower than 2σ for normally
distributed random values.
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this contradiction, cosmologists summoned a long-forgotten Einstein’s
cosmological constant or something, which acts similarly to it, which was
called dark energy. If we assumed that this dark energy acts exactly like
a cosmological constant, we can fit the cosmological constraints shown
in Figure 5.3 in the colour inset, by a value of � ∼ 10−52 m−2, which
corresponds to a matter density of 7 · 10−27 kg/m3 or to a time scale
of 1.6 · 10−35 s−2. Note that the effective cosmological constant during
inflation was much higher.

This value was somewhat unexpected to physicists for the following
reason. Physicists use so-called Planck units, which are combinations of
three fundamental constants: the speed of light in vacuum, gravitational
constant and the Planck’s constant with required dimensions. For example,
the Planck unit of length (or Planck length in short) is lP = 1.6 · 10−35 m,
Planck time is tP = 5.4 ·10−44 s, Planck mass is mP = 2.2 ·10−8 kg, and so
on. It is generally believed that these values correspond to some fundamen-
tal scales in the Universe and act as some kind of buoys marking safe waters.
Respectively, when some value crosses a corresponding Planck value,
problems are to be expected. The Planck density is ρP ∼ 5.2 · 1096 kg/m3,
which is almost 123 orders of magnitude greater than the dark matter
density, while many physicists expected their values to be comparable.
Attempts were made to find its combination with some other parameter of
the Universe which would be close to unity in Planck units and have at least
some physical sense. One such combination is �t2, where t is the time since
the Big Bang, which implies that � decreases with time as � ∼ t−2. There
are no indications it should have this kind of dependence, though.

A positive cosmological constant in General Relativity leads to a
universal repulsion, which was used in Einstein’s static Universe to
compensate the mutual attraction of bodies. In our Universe it leads to
an accelerated expansion at current epoch. It is intriguing how a positive
energy density, and thus mass density, can lead to repulsion. The reason
for this is that the cosmological constant is similar to a medium with an
equation of state p = −ε, where p is its pressure and ε is its energy density.
Ordinary matter has positive pressure. Cold matter has almost zero pressure
and the equation of state p = 0; such matter is called dust-like matter. This
should not be understood literally: zero pressure actually means that p � ε.
This is a given for cold matter because ε includes rest energy density equal
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to ρc2, which overwhelms any other terms. For ultrarelativistic particles
such as photons and neutrinos the equation of state is p = ε/3. We already
mentioned this in Section 1.3 and introduced a popular form of the equation
of state p = wε, where w is a dimensionless coefficient equal to −1 for
the cosmological constant, 0 for dust-like matter and 1/3 for photons and
neutrinos.

Another thing we mentioned in Section 1.3 is the Newtonian limit of
the General Relativity: in weak gravitational fields (i.e. everywhere except
near a black hole or a neutron star) the Universal Law of Gravitation reads as
ϕ = −GV(ρ+3p/c2)/r = −GV(ε+3p)/rc2, where ϕ is the gravitational
potential, G is the gravitational constant, V is the volume of the attracting
body, and r is the radial distance. It differs from a classical expression by
the “+3p” term.

For both matter and radiation, the sum ε + 3p is positive, but for the
cosmological constant it equals −2p, leading to repulsion or antigravity
if you will. When an ordinary gas expands, its density and therefore
energy drop. A medium with negative pressure increases its energy when
expanding. Using the First Law of Thermodynamics, it is easy to show that
when a medium with the equation of state p = −ε expands, both its pressure
and energy density remain constant. Thus, early Universe had much larger
matter density and the same density of the cosmological constant. Since
their sum should be equal to the critical density, we can see that the matter
density parameter �m was greater than now, and �� was less than now
(due to a different value of critical density). In other words, �m decreases,
and �� increases over time (see Figure 2.11). When the Universe was
2–3 times smaller than now, it was dominated by matter. When it was
100000 times smaller, it was dominated by radiation, whose density drops
faster than matter’s. As we see, the cosmological constant almost did not
affect the processes in early Universe.

In the current epoch �m and �� are close to each other; the latter is
about three times greater than the former. Their ratio will only increase
in the future, and was reverse in the past. Is it random that they have the
same order of magnitude during our lifetimes? This question is called the
coincidence problem. But is it really a problem? The ratio of �m and ��

was less than 3 both ways for quite a long time. Intelligent life simply could
not evolve before this happened. So, this problem seems to be solved by the
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anthropic principle. Still, this problem prompted cosmologists to consider
different forms of dark matter, more complicated than just a cosmological
constant. Most of these forms use the same general form of the equation
of state with w close to, but not equal to −1. Current constraints on the w

parameter are plotted in Figure 5.4 in the colour inset.
The value of w for dark matter is of principal importance for the ultimate

fate of the Universe.
If w > −1 the energy density of dark matter will decrease over time.

A closed Universe could recollapse under such conditions (this unfortunate
event is known as Big Crunch), but for our Universe this scenario is ruled
out by cosmological constraints.

The case w = −1 corresponds to the classical cosmological constant.
The Universe will expand forever and eventually all galaxies except those
in the Local Group will escape, although this will happen none too soon.

In the case w < −1 dark energy’s density will increase as the Universe
expands, making repulsion forces stronger, which in turn will accelerate
the expansion even more. Calculations show that in finite time Hubble’s
constant will become infinite, which is the end of the Universe called Big
Rip. Initially, distant galaxies will fly away, then the Local Cluster will
fall apart, then different stars of our Galaxy, then planets of the Solar
System, then the Earth, then Baltimore will fly away from Washington,
and finally atoms and atomic nuclei will fall apart due to the gravitational
repulsion, exceeding even nuclear forces. Gloomy as it may sound, Big Rip
will happen no sooner than 55 · 109 years in the future, and Earth will have
plenty of possibilities to be destroyed much earlier than that.g These three
possibilities for the world to end are shown in Figure 5.5.

Although the Big Rip scenario could make an excellent plot for a
Hollywood blockbuster, it should be taken lightly, because there is no
guarantee that dark energy’s equation of state has the form p = wε. We
know about dark energy for about 20 years, and complex dark energy
models exist for even shorter time. So, it should be expected that in the
next 20 years, theoreticians will come up with better dark energy models
and write more realistic scenarios of how all of us will die.

gDid we mention that cosmology is very optimistic?
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Figure 5.5. Possible options for the future of the Universe depending on the dark energy’s
equation of state (scale is exaggerated).

5.3 Time to Big Rip∗

In this Section we determine how much time is left for
our Universe if it has some dark energy with w < − 1,
also called phantom energy.

The fate of our Universe is a very serious matter, so let us estimate how
much time we have left. We can omit all components other than phantom
energy from consideration, because after a finite time it will dominate. In
this case the Hubble constant will increase according to the power law:
H ∼ rα, where α = −3(1+w)/2 > 0. If we consider the time dependence
of the scalar factor, we get r ∼ (t0 − t)−1/α, where t0 corresponds to the
moment of the Big Rip. So, the Universe will grow to infinite size in finite
time.

From the generalization of Eq. (A.10) in presence of dark energy we can
obtain an equation for the rate of change of this parameter. Using current
values of �m0 and �DE0 — percentage of phantom energy,h which we
assume has the equation of state (2.33), we can determine the time before
the Big Rip

T = 1

H0

∫ ∞

1

du√
�m0u−1 + �DE0u−1−3w

. (5.1)

hAs a proxy for �DE0 we used the current value of ��0 taken from the �CDM model.
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Figure 5.6. Calculation of the time before the hypothetical Big Rip. The horizontal axis
shows the value of w. The vertical axis represents the time before the Big Rip. The curve
tends to infinity at w → −1.

Figure 5.6 shows a plot of time to the Big Rip vs. w. According to the
constraints from different sources plotted in Figure 5.4, w cannot be less
than −1.2, which means that the Big Rip will happen not earlier than in
5.5 · 1010 years with 99 per cent probability.

5.4 Other Kinds of Matter

Nevertheless, the Universe contains not only cosmological constant and
cold dark matter. There is a lot of electromagnetic radiation with the
parameter w = 1/3 in the Eq. (2.34). Its density depends on the redshift as
(1 + z)4. Thus, if we travel into the past, the cosmological constant would
have constant density, the density of dust matter will grow as (1+z)3, and the
density of radiation — as (1+z)4. The density of radiation would prevail in
the very early Universe.At z ≈ 3200 the densities of radiation and the matter
were equal; after that dust-like matter dominated. The same equation of state
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can be used for neutrinos, which are ultrarelativistic particles with very
small rest masses. They are usually considered separately from baryonic
matter as the so-called hot matter, because of their velocities close to the
speed of light. Their densities decrease faster that the density of the cold
matter.
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Chapter 6

Black Holes and Other Exotics

6.1 Black Holes

Let us fulfil our earlier promise and tell about some exotic objects
predicted by General Relativity. These objects are far less widespread than
dark matter or dark energy, but they are interesting enough to be at least
mentioned here.

The first type of objects we consider are black holes, many of which
were observed by astronomers. A black hole is an object with density so
high that the spatial curvature and tidal forces in its centre become infinite
(this is called space-time singularity, or just singularity for short). This
singularity is surrounded by an event horizon — a “surface” of the black
hole. Any object — including light — falling through the event horizon can
never escape and must move towards the central singularity. This is why it
is called the “black” hole.

The reason for that is that below the event horizon the radial coordinate
becomes timelike. This means that the radial coordinate of the body inside
the horizon must decrease just as the time coordinate of any body outside the
black hole has to increase. We travel along the time and falling object inside
the black hole travels along its radial coordinates towards the singularity.

Could there be regions of space where everything must travel away from
this central singularity? Physicists considered this possibility and named
such object a white hole. We shall discuss it a bit later.

The distance from the central singularity to the event horizon is called
Schwarzschild radius and is proportional to the black hole’s mass. It is

133
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usually quite small: if Sun became a black hole,a his Schwarzschild radius
would be about 3 kilometres. Black holes’ masses range from a few solar
masses to several billion solar masses. Taking into account that the radius
of the black hole is proportional to its mass, it is easy to estimate the radii
of these black holes.

Solutions of Einstein’s equations describing black holes appeared in
1916, simultaneously with General Relativity. However, it took about
two decades to grasp the physical meaning of these solutions, and full
understanding was achieved by 1958. For a long time until black holes
were observed, their reception by astronomers ranged from total rejection
to declaring every unknown object a black hole. The term itself was first
used in 1964.

A black hole itself can not be seen, as the only thing it radiates is
an extremely faint quantum Hawking radiation created near the horizon,
although there are planned projects aiming to detect it. Black holes can
be observed more or less directly in two cases: either it is a part of
a binary system, in which case its accretion disc (radiation from the
matter falling into it) can be seen, or it is a supermassive black hole like
Saggitarius A∗ (pronounced Saggitarius A-star) located in the centre of our
galaxy in the Saggitarius constellation, in which case we can see proper
motions of nearby stars orbiting it. At large distances we can see black
holes as active galactic nuclei (AGN) and quasars. A recent observational
campaign with the NASA’s Chandra X-Ray Observatory revealed a huge
concentration of black holes in a region called Chandra Deep Field-South
(http://chandra.si.edu/photo/2017/cdfs/).

How did black holes appear? Naturally, black (and white) holes could
be formed with the rest of the Universe during the Big Bang, but all of
them were carried far beyond the cosmological horizon during inflation. So
we have no chance to observe these holes formed by Big Bang. Observed
black holes are of a different type. They were formed after the reionization
of the Universe through collapse, i.e. rapid compression of massive objects.
It is obvious that white holes cannot be formed in this way; that is why we
cannot see any of them.

aThis can never happen; he just does not have enough mass. This applies especially to the
Earth with her Schwarzschild radius of about 9 mm.
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Any isolated black hole is described by only three physical parameters:
mass, electric charge, and angular momentum. These are the only three
physical parameters any isolated black hole can haveb — this is known
as a no-hair theorem.c All of them have mass, so there are only four
possible types depending on the presence of electric charge and rotation.
The simplest ones are non-charged non-rotating black holes, described by
Schwarzschild solution. Charged non-rotating black holes are described by
Reissner–Nordström solution, non-charged rotating black holes — by Kerr
solution, and charged rotating black holes — by Kerr–Newman solution.
Let us begin with simple Schwarzschild black holes.

6.1.1 Schwarzschild black holes

What happens to a body falling into a black hole? If it falls freely, then
from the relativistic point of view it is at rest in a chosen reference frame.
However, it is still affected by tidal forces, which are extremely strong near
the singularity. These forces will try to squeeze it tangentially and stretch it
radially making it look like a spaghetti, which is slightly thicker at the top
than at the bottom.d So if you want to experience what it’s like to fall into
a black hole without putting yourself in mortal peril, you can tie a weight
to your legs and hang by your arms from gymnastic rings, as shown in
Figure 6.1.e

Tidal forces are proportional to M/r3 (this is a non-relativistic approx-
imation, which is only true for large enough distance from the singularity;
for closer distances a relativistic formula must be used), where M is the
black hole’s mass. The event horizon is located at the Schwarzschild radius
rs = 2GM/c2 ≈ 2.95M/M� km, where M� is the solar mass. Thus, tidal
force expressed in Schwarzschild radii is proportional to (rs/r)3/M2, which
means that tidal forces at a given number of Schwarzschild radii are weaker

bThere are, however, two more non-physical parameters: magnetic charge and the so-called
Newman–Unti–Tamburino (NUT) parameter.
cThere are exotic theories about black holes with other parameters violating the no-hair
theorem. Such hypothetical objects have a somewhat shocking name “hairy black holes”.
dThis is a really weak effect, noticeable only if the size of the falling body is comparable to
the Schwarzschild radius.
eWe reject the responsibility for any injuries you might get while doing that.
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Figure 6.1. An affordable black hole simulator.

for heavier black holes. In particular, if a free falling observer crosses the
event horizon, he or she will feel nothing special.

Now let us estimate the time it takes to fall into a black hole; from the
crossing of the event horizon to the central singularity. Let us use a trick
called dimension analysis, beloved by theoretical physicists. Since time to
fall is a kinematical value, it can not depend on the parameters of the falling
body due to the equivalence principle. Thus, it can depend only on black
hole’s parameters. Schwarzschild black hole has only one parameter —
its mass. We also have two relevant fundamental constants: gravitational
constant G and speed of light in vacuum c. The only combination of these
three values with the dimension of time is GM/c3. So, the time to fall into a
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black hole will be kGM/c3 ≈ 4.93kM/M�μs, where k is a dimensionless
coefficient. The value of k depends on how exactly the body falls, but it
can not exceed π in any case. This value can not be obtained from non-
relativistic cosmology; those interested should refer to problem 17.3 in the
book [Lightman, 1975]. So, the top time to fall into a black hole is equal to
πGM/c3 ≈ 15.5M/M�μs. For the Sagittarius A∗ black hole in the centre
of the Milky Way galaxy with the mass slightly over 4 million solar masses
this time would be about a minute. For the heaviest known black hole in
the NGC 4889 galaxy with the mass about 21 · 109 solar masses, it would
be about 90 hours, so an observer falling into it will have plenty of time to
ponder if this was a really wise decision.

Note that a body approaches the central singularity along a timelike
coordinate. Such a singularity is called spacelike singularity. Other exam-
ples of spacelike singularity are cosmological singularities in the past and
in the future, i.e. Big Bang, Big Rip, and Big Crunch. All other coordinates
including the t coordinate, which corresponds to time outside of the black
hole, are spacelike and can be travelled in any direction. To explain this let
us consider light cones of a falling body, shown in Figure 6.2. A light cone
is a hypersurfacef in space-time, formed by light passing through a certain
point. The most important thing about them is that no matter what an object
does, it can not escape its light cone. For more details, see Section 1.2.8.

Far from the black hole a light cone looks quite normal: light propagates
in the same way in every direction, so the light cone is aligned along the t

axis. As the object approaches the black hole, its gravitational pull begins

Figure 6.2. Light cones in the vicinity of a Schwarzschild black hole.

fA hypersurface in this case is a three-dimensional section of a four-dimensional space.
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to affect light (gravitational lensing), light propagates easier towards the
black hole than away from it, and the light cone inclines towards the black
hole. At the event horizon the light cone is inclined in such a way that its
outer edge runs parallel to the t axis. From this point on, it is no longer
possible to escape the black hole. The inner edge runs parallel to the r axis.
Going deeper inside the black hole, the light cone bends further; now both
its outer and inner edges are turned towards the singularity, and in opposite
directions along the t axis. So, a sufficiently rapidly moving body can go in
the opposite direction of the t axis. At the central singularity the light cone
should be bent by 90 degrees, but this simple analogy does not work in the
vicinity of the singularity.

A body falling into a black hole reduces its potential energy in the
gravitational field. At the event horizon this energy becomes zero. If we
tied it to the rope, rotating an ideal generator, we could get the energy
equal to mc2 — the full energy of the body. This energy is immense: for
each gram of matter it equals 90 TJ, which is about 25 GW· h — a daily
energy production of a nuclear power plant. If such a thing could be realized
practically, it would solve all the power (and garbage) problems of the
mankind. We should also note that this power is indeed ‘green’, as its only
by-product is eco-friendly gravitational waves.

Let us imagine that we tied nuclearg clock to this rope, or rather a very
sturdy cable, and descend it towards a black hole. Due to the gravitational
redshift it will go slower and slower (from our point of view). This fact
gave birth to two myths, one of which appeared in popular science books,
and the other one — in sci-fi books.

The first myth is that an external observer will see a falling object
eternally. This is not true. First he or she will see a falling object as usual,
just somewhat redshifted due to fast falling. As the object approaches the
event horizon, Doppler redshift will be accompanied by the gravitational
redshift. This will result in two effects: first, the radiation spectrum will shift
to extremely long waves; second, each subsequent photon will take longer
time to be emitted, so the brightness will decrease. A formal mathematical
solution gives an exponential law for this decrease, meaning that the object

gIt is important that the clock does not operate due to gravitation, like a grandfather clock,
which operates due to pendulum oscillations, or an hourglass.
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will be visible forever. However, light comes in quanta, so after a certain
time an external observer will see the last photon emitted by the falling
body. Calculations show that this will happen surprisingly soon because
this exponent is very steep.

The second myth is that a spaceship deliberately sent into a black hole
can be saved by another spaceship from a future civilization. It is possible,
but only for a limited time. This time should of the same order as the time
to fall to the central singularity, because there is no other intrinsic time
scale available. Since this time is very short — a few microseconds for a
solar mass black hole — the rescue squad should be extremely efficient.
After that, an external observer will “see” the rescue spaceship approaching
the spaceship in distress at slower and slower relative velocity but never
reaching it. The ship in distress will never see it coming, though.

6.1.2 Reissner–Nordström black hole

Now let us move to a charged non-rotating Reissner–Nordström black hole.
The ratio of its electric charge to mass cannot exceed a certain threshold.
On the outside it looks and feels exactly the same as a Schwarzschild black
hole but with an additional electrostatic field. After falling through an event
horizon a body will similarly move towards the central singularity, but
with one important difference: somewhere en-route the body will cross a
second (internal) horizon and fall into the interior of the black hole, where
radial coordinate is spacelike again. The central singularity is accordingly
timelike, which means that a body can move in any direction in its vicinity.
This means that any, even the slightest, electric charge of the black hole
completely changes the type of the singularity in the centre.

Theoretically, the falling body could switch on its engines and perform
such a manoeuvre that it misses the central singularity and goes back into
the internal horizon. Some specialists hypothesise that this body will get
into a region where the radial coordinate is timelike and will have to move
towards the outer event horizon, and eventually will escape from a white
hole. Escape where, you might ask? No one can tell for sure — it may even
be in a different Universe. This can make a great sci-fi plot, but in reality the
inner horizon should be located too close to the central singularity, where
any body will be torn into tiny bits by tidal force. Also, there is no guarantee
that it will be even possible to reach the internal horizon from the inside.
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6.1.3 Kerr black hole

The last type of black holes we consider is a non-charged rotating Kerr black
hole.h Since most astronomical objects rotate, this is believed to be the most
widespread type of black holes. Like a Reissner–Nordström black hole has
an upper limit on its charge, it has an upper limit on its angular momentum. If
this condition is satisfied, a central singularity is surrounded by a spherical
event horizon, which is surrounded by another surface called stationary
limit, which has a shape of an oblate spheroid, which touches the event
horizon on the rotation axis. The region between these two surfaces is called
ergosphere. Any body in the ergosphere must rotate in the same direction as
the black hole, but can still escape. Its full energy can become negative, so
if such a body splits into two, one of which can escape the ergosphere with
higher energy than the initial body. Returning to the practical utilization of
black holes, we could think of dropping garbage tanks into the ergosphere
and ejecting the garbage so that the accelerated empty tank is thrown back
at high velocity, which can then be recuperated into energy, which would
even exceed mc2, where m is the mass of rejected garbage. The extra energy
is provided by the black hole, which somewhat slows down with each such
act. Such a process was proposed by Sir Roger Penrose. Light cones near
a Kerr black hole are shown in Figure 6.3.

Let us explain Figure 6.3 a bit. Unlike Schwarzschild black hole, which
is spherically symmetric, Kerr black hole has a chosen spatial direction —
its spin axis. The space around Kerr black hole spins as well, so we cannot
draw light cones in two dimensions like we did in Figure 6.2, because they
incline not only towards the centre, but also in the direction of rotation. For
this reason, in Figure 6.3 we plot an equatorial section of a Kerr black hole
(in the frame of a distant observer), set a number of test particles (black
dots) and mark the footprints of their light cones after some amount of time.
The closest analogy is looking at a whirlpool from above, dropping small
stones near it and watching the circles on the water’s surface.

Look a bit closer at Figure 6.3. You might have noticed that the circles
are located differently with respect to the dots. Imagine a large circle around

hWe omit charged rotating Kerr–Newman black holes because they combine qualitative
properties of Reissner–Nordström and Kerr black holes in a rather straightforward way.
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Figure 6.3. Light cones in the vicinity of a Kerr black hole (equatorial plane section).
Dots indicate points of origin and small circles indicate light cone in the future.

the singularity, passing through a dot. From the physical point of view, three
different situations are possible: a) the small circle includes the dot; b) the
small circle does not include the dot but crosses the large circle; c) the small
circle does not include the dot and does not cross the large circle. In case
a) a test particle can stay at rest and move in any direction; in case b) a
test particle must move but can still escape the black hole; in case c) a test
particle must move towards the singularity. The case a) occurs far from the
black hole, in its exterior; the case b) occurs in the ergosphere; the case c)
occurs between the event horizon and the inner horizon.i

Kerr solution is principally different from Schwarzschild and Reissner–
Nordström solutions. The thing is, both Schwarzschild and Reissner–
Nordström solutions describe not only black holes, but space-time around
any spherically symmetric massive objects in vacuum, electrically charged
in the latter case. For example, the gravitational field of a non-rotating single
star can be described with a Schwarzschild solution.You would expect that

iThe inner structure of a Kerr black hole (internal horizon, the interior, and the singularity)
is quite complicated and we do not describe it here. We do not get to see anything which
falls through the event horizon anyway.
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Kerr solution similarly describes a rotating star, but it does not. The reasons
behind this fact are too complicated to be discussed here.

Those interested in black holes (and not afraid of complicated math)
are advised to read an excellent article “Kerr–Newman metric” on Schol-
arpedia.

6.2 Naked Singularities

What happens if a black hole gets a too high electric charge or angular
momentum? Then it is no longer a black hole, but a much more exotic
object called naked singularity. It is similar to a central singularity of a
Reissner-Nordström black hole, but without the two event horizons. This is
the closest thing to the edge of our world, since this is a timelike singularity
and we can get as close to it as we wish and come back, mind the tidal
force. This also means that anything — like UFOs or space tentacles of
cyclopean proportions — can escape out of it as well. Fortunately for us,
the spaghettizing effect of tidal force protects us from any such invasions.
So, they should mostly produce light and elementary particles. What is the
origin of this matter and radiation? Nobody knows. Romantically speaking,
they are doors between our world and some other, or at least a postern or a
small window pane. In other words, naked singularities — if they exist —
are two-ways portals to other worlds unlike black holes, which are one-way
outward portals to other worlds.

The existence of at least one naked singularity poses a fundamental
problem for modern physics. First of all, we are not sure that known
laws of physics work near a naked singularity. Second, both energy and
information in signals from naked singularities could theoretically affect our
Universe and influence its evolution, making any prediction of its future fate
impossible. To evade this problem, Roger Penrose proposed the so-called
Cosmic Censorship Principle, which states that every singularity produced
through a collapse must be hidden behind a horizon. But this is just a
hypothesis. In addition, it tells nothing about naked singularities created
with the Universe as a result of the Big Bang. However, inflation theory
comes to the rescue, moving all such objects far beyond the cosmological
horizon. So, for practical reasons the Cosmic Censorship Principle means
that there are no naked singularities in the observable Universe. Still, there
is a possibility that naked singularities do exist and can be observed using a
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sufficiently large telescope. This would require them to be produced through
a collapse, probably of a highly asymmetric object. However, it is not clear
how to visually identify naked singularities, even if they can be observed.

6.3 Wormholes

Another exotic type of objects are wormholes. They should look like a
Schwarzschild black hole linked to a white hole at some different location.
A body travelling through a simplest possible wormhole crosses two event
horizons and moves along a timelike coordinate between them, so it is a
one-way road. This makes them a useful tool for sci-fi authors to evade
the speed of light limitation, which makes interstellar travel unfeasible.
However, any such physically meaningful solutions feature tidal forces too
strong for any macroscopic object to survive. Such objects could be created
only together with the Universe and are thus unlikely to be found.

Question: If a man who fell into a black hall shines his flashlight outwards,
can this light increase its radial coordinate?

Answer: Let us summon the following analogy: a man who fell from a
flying aircraft tossed his keys upwards. Can these keys fly up? This is quite
difficult to imagine. They will also fall downwards, but somewhat slower
and will hit the ground shortly after their owner. The same will happen
to the light in the black hole — it will still hit the central singularity, but
a bit later than the guy with a flashlight. The physics is the same — and
equally gruesome — in both cases. Recalling that the edge of a light cone
is a light path, we can indeed see this from Figure 6.2.

Question: How can anything fall on the central singularity if time stops
at the event horizon?

Answer: In fact, time does not stop at the event horizon. It seems so to
the external observer, but the free falling observer won’t notice anything
unusual when crossing the event horizon — if you don’t count being torn
into tiny pieces unusual, which can happen at different places depending
on the black hole’s mass. Using his or her own clock he or she can measure
time until he or she reaches the singularity.
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Summary

In this book we told you about the basics of cosmology. We explained
the main facts, theories, and problems, their historic development, and
provided some very simple math to back them up. Let us summarize the
most important things we wrote about.

Today the Universe is believed to be described by the �CDM model
with inflation. Its main points are:

• the Universe has a finite age of 13.8 · 109 years;
• it started with a Big Bang, the exact nature of which is unknown;
• a tiny fraction of a second after the Big Bang the Universe underwent

inflation, which lasted for another tiny fraction of second;
• the exact nature of inflation is also unknown;
• inflation made the Universe very homogeneous and spatially flat, and

removed any exotic objects from the observable part of the Universe;
• the observable part of the Universe is limited by the cosmological

horizon, which is how far light could propagate since the Big Bang (about
4 · 1010 light years);

• the farthest thing we can actually see is the cosmic microwave back-
ground radiation, which is the thermal radiation emitted 380,000 years
after the Big Bang, which now cooled down to about 2.7 Kelvin;

• this confirms that early Universe was extremely hot;
• tiny irregularities existing at that time grew to form structures we know:

from stellar systems to galaxy superclusters;

145
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• from the way these structures formed and how they behave we know
that there is something called dark matter, which interacts with the usual
matter only gravitationally;

• we do not know what this dark matter thing is made of, but we are pretty
sure it is some sort of massive particles moving significantly slower than
the speed of light;

• any attempts to capture dark matter particles (in hope they participate in
weak interactions as well) failed so fara;

• from the formation of structures, as well as from extremely distant Type Ia
supernovae bursts and CMB irregularities, we know that at some point
the Universe’s expansion started accelerating;

• we believe that the reason for this is something called dark energy, which
acts similarly to a cosmological constant or fairly close to that, i.e.

gravitationally repulses other matter;
• we have absolutely no idea about the nature of dark energy;
• the dark matter and dark energy combined hold 95 per cent of energy in

the Universe;
• the percentage of dark energy constantly grows;
• the Universe will continue to accelerate either forever, or will be ripped

apart by the dark energy in some finite time very far in the future;
• there is no chance the Universe will start contracting.

This theory is consistent with all known observations and experiments
and there are no evident problems, which could undermine it. Yet there are
groups of people, who oppose at least one of the items on this list; many of
them professional cosmologists.

�CDM model is based on General Theory of Relativity, although we
demonstrate that most of it can be obtained from Newtonian physics with
a small modification to the Universal Law of Gravitation borrowed from
General Relativity. It is also closely tied to the standard model of particle
physics, which holds so far.

aThere still a faint possibility that DAMA/LIBRA seasonal fluctuations are indeed caused
by dark matter and not some mundane sources. However the cosmological community is
very sceptical on this account; see e.g. [Aprile et al., 2017].



December 1, 2017 15:28 How the Universe Works - 9in x 6in b2908-summary page 147

Summary 147

If you enjoyed reading this book and would like to learn more about
cosmology, we prepared some reading suggestions for you in the “Further
reading” section of the bibliography. Let us give a brief description of these
items.

Isaac Asimov’s book [1966] is one of the best, if somewhat out-
dated, introductions to astronomy. A lot of things were discovered in half a
century after it was written, but it still covers the basics and we recommend
it due to its excellent style and presentation. It requires no prior knowledge
to read.

Hermann Bondi’s book [2009] is a classic introductory text into Special
Relativity with some mentions of the General Relativity, both brief and
entertaining to read.

Stephen Hawking’s book [1998] is a world bestseller on cosmology,
emphasizing its more philosophical aspects.

Andrew Liddle’s book [2003] has a minimal number of equations,
but these equations are not exclusively cosmological. If you enjoyed the
mathematical part of our book, we suggest reading this book next.

Andrei Linde’s book [1990] is a comprehensive overview of inflation-
ary cosmology. Naturally, it does not hold any mentions of dark energy,
which was discovered afterwards. It is aimed at senior undergraduate
students and requires advanced mathematical and physical background
knowledge.

Michael Rowan-Robinson’s book [2004] is a nicely written textbook
on observational cosmology, aimed at undergraduate students. It is well-
rounded and covers most associated fields in addition to cosmology per se.
It requires intermediate mathematical and physical background knowledge,
though.

Steven Weinberg’s book [1993] is a popular presentation of George
Gamow’s standard cosmological model. It is easy to read, has no equations,
and its contents is mostly up to date (because cosmological constant did
not play an essential role in the early Universe) despite many discoveries
made since 1977 when it was written.

Apart from books, we also included some arXiv.org e-prints of review
articles. Their topics should be pretty clear from the titles. We cite them
as arXiv:something, and you can retrieve them by typing www.arxiv.org/
abs/something in your browser, where something is whatever comes after
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the colon. Or you can just google them — it works fine too. Please note that
most of these (but not all) are scholarly articles and are aimed at professional
scientists.

In addition to these, we strongly recommend you to check Ned
Wright’s Cosmology Tutorial website, available at http://www.astro.ucla.
edu/∼wright/cosmolog.htm, which contains a lot of useful information and
is regularly updated.
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Appendix A

Cosmological Evolution with a
Cosmological Constant∗

In this Appendix we derive the �CDM model using non-relativistic
cosmology. This Appendix is written a lot more like a textbook than a
popular science book. While it is quite simple, it contains a lot of math,
which was the reason why we separated it from the rest of the book. Also,
these are original results, which were never published before according to
our best knowledge.

Strictly speaking, here we run out of the range of applicability of
the non-relativistic cosmology. Nevertheless, we continue to use the non-
relativistic approximation for the more general case of the evolution of
the Universe filled with different kind of matter. To do this, we have
to apply one result of the general theory of relativity we were speaking
about in Section 1.2. For the matter with nonzero pressure in Newton’s
law of gravitation instead of the total mass ρV we must use the value
(ρ + 3p/c2)V = (ε + 3p)V/c2. Here p is the pressure, ρ is the mass
density, ε is the energy density and V is the volume of a sphere filled with
matter. This well-known replacement is obtained as the Newtonian limit of
General Relativity. The relation ε = ρc2 is the consequence of the well-
known formula E = mc2. After this trick all the non-relativistic cosmology
formula exactly coincide with the equations of the relativistic one.

149
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A.1 De Sitter Solution∗

Now we have the opportunity to introduce the non-relativistic counterpart
of the cosmological constant. This is a strange kind of matter with density
and pressure given by Eq. (2.35) and the equation of state p = −ε. From
Eq. (2.31) we see that both matter and energy densities are positive, pressure
is negative, and none of them change as the Universe expands.

Consider de Sitter solution in the framework of the non-relativistic
cosmology. Once again let us consider a test particle on a spherical surface
with radius r and place the provisional centre of the Universe in the centre
of this sphere. This time the sphere is filled by the matter imitating the
cosmological constant with the equation of state p� = −c2ρ� = −ε�.
The acceleration of this test particle is

r̈ = 2
GM

r2 = 8π

3
Gρ�r. (A.1)

We took into account that the factor (ε+3p) for such matter with p = −ε is
equal to −2ε. This corresponds to the expansion with the Hubble constant
equal to

H =
√

8π

3
Gρ� = const. (A.2)

The deceleration parameter (2.23) is equal to −1 in this case, so we deal with
accelerated expansion of the Universe. This is not surprising, because the
right-hand side of Eq. (A.1) is always positive, which means gravitational
repulsion or antigravity.

In the case of dust-like matter there were three possible cosmological
scenarios (three Friedmann solutions). In this case there is a single scenario
(de Sitter solution). Recalling the analogy with a ball kicked upwards, we
can assume that the ball ascents with accelerating velocity and has no option
but to escape the planet’s gravity.

A.2 �CDM Model∗

De Sitter metric is interesting from many points of view and actively used
in cosmology, but it does not describe the real Universe. The reason is that
our Universe contains not only cosmological constant or dark energy but
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a lot of matter as well, which plays an important role in cosmology. Much
of it exists in the form of non-baryonic dark matter. We also know that this
dark matter moves significantly slower than the speed of light. Such form of
dark matter is called cold dark matter. Its pressure is insignificant compared
to its energy density and it is similar to dust-like matter we considered
earlier.

The model, which includes both cosmological constant (�) and cold
dark matter (CDM) is aptly called �CDM model. Naturally, most of
ordinary baryonic matter is also cold and can be considered alongside cold
dark matter.

So, we consider a sphere filled with two sorts of matter. The first one
corresponds to dust-like matter with energy and mass density εm = c2ρm.
Here the index m refers to the matter, including both dark and baryonic ones.
It is practically pressureless: pm ≈ 0. The matter with the equation of state
p� = −c2ρ� = −ε� imitates the cosmological constant and is indicated
by the index �. As we see from Eq. (2.31) these values are constant.
In particular, ρ� = const. Dividing ρm and ρ� by the critical density
(2.11) we get their density parameters �m and �� respectively. They are
equal to

�m = ρm

ρc
= 8πG

3

ρm

H2 , (A.3)

�� = ρ�

ρc
= 8πG

3

ρ�

H2 . (A.4)

All three Friedmann models correspond to �� = 0. The cases of closed,
flat and opened models correspond to �m > 1, �m = 1 and �m < 1. De
Sitter model corresponds to �m = 0, �� = 1.

Density parameters �m and �� change over time because the Hubble
constant is time-depending as well as the matter density (2.8). The value of
ρ� remains the same.

We again choose an arbitrary reference point in time, which we consider
present epoch or “now”. All values relating to this instant are marked
with subscript 0. For example, the value of the Hubble constant at present
epoch is the Hubble parameter H0, the current radius of the sphere r0, the
current matter density ρm0, etc. We can express the matter and cosmological
constant density through these parameters and the radius of the sphere r
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using Eqs. (2.8) and (2.35) as

ρm0 = �m0ρc0 = �m0
3H2

0

8πG
, (A.5)

ρm = ρm0

(r0

r

)3
, (A.6)

ρ� = ��0 ρc0 = ��0
3H2

0

8πG
= const. (A.7)

Consider the sphere with two sorts of matter. The dust-like one provides the
acceleration (2.24) and the cosmological constant provides the acceleration
(A.1). Together they provide the acceleration

r̈ = 8π

3
Gρ�r − 4π

3
Gρmr. (A.8)

This is the second Friedmann equation in �CDM model. Let us calculate
the value of the deceleration parameter q (2.23). We get

q = − r̈r

ṙ2 = 4πG

3H2 (ρm − 2ρ�) = �m

2
− ��. (A.9)

Note that we obtained this important equation without using General
Relativity. We see that the expansion of the Universe can be accelerating
or decelerating depending on the ratio between both density parameters.
Astronomical observations tell us that now it is accelerating, but it was
decelerating before some instant in the past corresponding to the redshift
about 0.645. The data from the Planck satellite combined with some other
observations provide present values �� ≈ 0.68 and �m ≈ 0.32.According
to (A.9) the deceleration parameter is now equal to q ≈ 0.32/2 − 0.68 =
−0.52.

Let us use the Eqs. (2.12) to find the law of the evolution of the �CDM
model. We get matter density from Eq. (2.8) providing it with the index m:
ρm = Bmr−3. Instead of Eq. (2.12a) we get an equation taking into account
the influence of the cosmological constant

H2 =
(

dr

dt

)2

r−2 = A

r2 + 8πG

3
(ρ� + ρm)

= A

r2 + H2
0

(
��0 +

(r0

r

)3
�m0

)
. (A.10)
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It provides the dependence H(r). The dependence t(r) has the form

t =
∫

dr√
A + 8πGB

3r
+ 8πGρ�

3 r2
. (A.11)

Remember that Eq. (2.10) was obtained from the law of conservation of
energy. Applying this interpretation to the equation (A.10), we see that the
cosmological constant contributes to the energy, which is proportional to
r2, i.e. to the area of the sphere’s surface. The same dependence on r would
be given by the energy of surface tension of a spherical shell, but with a
negative coefficient of surface tension. As a result, we came to a rather
unexpected non-relativistic analogy for a cosmological constant. However,
this analogy is purely mathematical and probably has no physical meaning.

From the Eqs. (2.11) and (A.10) we can obtain the generalisation of
Eq. (2.26) for the �CDM model

H2r2(1 − �m − ��) = A = const. (A.12)

In relativistic cosmology the value 1 − �m − �� is denoted �k and is
proportional to the spatial curvature of the Universe with inverse sign. Its
absolute value decreases at q < 0. As a result, due to the accelerated
expansion the Universe becomes flatter and flatter. We were dealing with
a similar situation immediately after the Big Bang during the so-called
inflationary expansion of the Universe, which we discuss in Section 3.6.

A.3 Flat �CDM Model∗

Astronomical observations provide the information that our Universe is
practically flat and

�m + �� ≈ 1. (A.13)

The main evidence of small spatial curvature is the location of the main
maximum in the CMB spectrum called the acoustic peak (see Figure 3.2).
For positive or negative curvature, it has to be shifted to the left or to the
right. The flatness is explained by the theory of inflation of very early
Universe. During the era of inflation the deviations from flatness quickly
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decreased, so the condition (A.13) holds now. As a result, cosmologists
use two versions of the �CDM model. In the first one we use a flat
model with

�m + �� = 1. (A.14)

This condition holds permanently. In other words, the sum of densities
of the real matter and the matter imitating the cosmological constant is
always equal to the critical one. This case corresponds to A = 0 in
Eqs. (A.10), (A.11).

The second version allows some minor deviation from the flatness of
the Universe, which grew over time during the decelerated expansion. In
this case the sum of densities of the real matter and the matter imitating the
cosmological constant is almost equal to the critical one. Naturally, this is
valid from the end of the cosmological inflation. The inflation provided a
perfect fine tuning of the density parameters satisfying the condition (A.13)
even after billions of years after its end. The limitation (A.13) holds now
and will be always valid due to the accelerated expansion.

In flat Universe the parameter A in Eqs. (A.10)–(A.12) is equal to zero.
In the almost flat Universe all terms with this parameter give a very small
contribution to right-hand sides and can be dropped. After discarding them
we get the flat �CDM model. It perfectly describes the evolution of the
Universe after the completion of the inflation era.

We need the values of only two cosmological parameters derived from
observations, namely the current matter density parameter �m0 and the
Hubble parameter H0. The value of ��0 can be found from the flatness
condition (A.14). Using them in the Equation (A.10) we obtain the law of
the evolution of the Hubble constant with time

H = H0

√
��0 +

(a0

a

)3
�m0 = H0

√
��0 + (1 + z)3�m0. (A.15)

Here a0 is the current scale factor (often set to unity) and a is the time-
depending scale factor. The law (A.15) describes both the past and the
future of the Universe. For the evolution in the past we can use redshift
z = a0/a − 1. Equation (A.15) gives the current value of the Hubble
constant equal to H0 as expected. The value of Hubble constant permanently
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decreases and its rate of change is always negative

Ḣ = H0
d

dt

√
��0 +

(a0

a

)3
�m0

= −3

2
H0

(
a0
a

)3
�m0H√

��0 + (
a0
a

)3
�m0

(A.16)

= −3H2
0 �m0

2

(a0

a

)3
< 0.

In Figure A.1 we plot the evolution of the ratio of the Hubble constant to
the Hubble parameter.

What about accelerated expansion? Let us recall that the acceleration
of expansion does not mean that the Hubble constant increases. Even in
the de Sitter model it is constant. The deceleration parameter q is defined
according to Eq. (2.23). So we can derive a formula

q = �m0(1 + z)3 − 2��0

2(��0 + (1 + z)3�m0)
. (A.17)

Figure A.1. Relative Hubble constant vs. relative scale factor.
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Figure A.2. Deceleration parameter vs. relative scale factor.

At the present epoch z = 0 it turns into Eq. (A.9). We plot this function
in Figure A.2 for the values �m0 = 0.31 and ��0 = 0.69 provided by
astronomers. We see that after the end of the inflation the deceleration
parameter was equal to 0.5 and decreased afterwards. It vanished at a/a0 =
(�m0/2��0)

1/3 ≈ 0.608 when Universe was about 61 per cent of its
current size. This corresponds to the redshift z ≈ 0.645. The farthest known
supernova is older than this change of deceleration to acceleration, so it
exploded in the Universe with decelerated expansion. In the future the
Universe keeps expanding with acceleration and its deceleration parameter
will decrease and tend to −1.

Let us study the evolution of the matter density parameter �m and the
dark energy density parameter �� using Eqs. (A.5)–(A.7):

�m(z) = (1 + z)3�m0

��0 + (1 + z)3�m0
, (A.18)

��(z) = ��0

��0 + (1 + z)3�m0
. (A.19)

Using current values of density parameters, we get their values in the
past and in the future plotted vs. the relative scale factor in Figure A.3.
The density parameters of matter and cosmological constant correspond
to lengths of linear segments below and above the curve. In the left part
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Figure A.3. Dependence of density parameters of matter and cosmological constant on
the relative scale factor in �CDM model.

of the plot, which corresponds to the past, we could switch to the redshift
according to the formula a0/a = 1 + z. For the future we could formally
use this formula to get negative values of z, but this is not customary. In
the non-relativistic case we can use the radius of sphere r instead of scale
factor, so a0/a = r0/r. The instant of zero acceleration corresponds to
�m = 2/3, �� = 1/3 according to Eqs. (A.9) and (A.17).

Thus we found the dependences of all the important parameters on the
scale factor using only the value of the matter density parameter �m. But it is
also interesting to us when did it occur. We can integrate the equation (A.11)
and get

t = 1

H0

a/a0∫
0

√
ξdξ√

��ξ3 + �m

= 2

3H0
√

��

ln

⎛
⎝

√
��

�m

(
a

a0

)3/2

+
√

��

�m

(
a

a0

)3

+ 1

⎞
⎠. (A.20)
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The instant t = 0 corresponds to the Big Bang (strictly speaking to the end
of inflation era less than a second later). We take H0 = 68 (km/s)/Mpc.
The characteristic timescale is provided by the inverse Hubble param-
eter H−1

0 ≈ 4.54 · 1017s ≈ 14.4 · 109 yr. We plotted this dependence in
Figure 2.9 (left). We also used this dependence to convert Figures A.1–A.3
into Figures 2.9 (right), 2.10, and 2.11.

From (A.15) we obtain the law of the expansion of the Universe

(
a

a0

)3/2

=
√

�m0

��0
sinh

(
3H0

√
��0

2
t

)
. (A.21)

Let us calculate the age of the Universe T . This is the time interval from
the Big Bang till “now”, which corresponds to a = a0. Thus, the age of the
Universe is equal to

T = 2

3H0
√

��0
sinh−1

√
��0

�m0
≈ 13.8 · 109 yr. (A.22)

For comparison, we also give the age of the Universe in flat Friedmann’s
model, which can be obtained from Eq. (A.20) by setting �m = 1 and
�� = 0. It equals T = 2/3 H−1

0 ≈ 9.6 · 109 yr.
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